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PSEUDO-METRIC 2-STEP NILPOTENT LIE ALGEBRAS 


CHRISTIAN AUTENRIEDt, KENRO FURUTANI, IRINA MARKINAt, AND ALEXANDER 

VASIL’EVt 


Abstract. The metric approach to studying 2-step nilpotent Lie algebras by 
making use of non-degenerate scalar products is realised. We show that any 2- 
step nilpotent Lie algebra is isomorphic to its standard pseudo-metric form, that is 
a 2-step nilpotent Lie algebra endowed with some standard non-degenerate scalar 
product compatible with Lie brackets. This choice of the standard pseudo-metric 
form allows to study the isomorphism properties. If the elements of the centre 
of the standard pseudo-metric form constitute a Lie triple system of the pseudo- 
orthogonal Lie algebra, then the original 2-step nilpotent Lie algebra admits in¬ 
teger structure constants. Among particular applications we prove that pseudo 
iL-type algebras have bases with rational structural constants, which implies that 
the corresponding pseudo iJ-type groups admit lattices. 


1. Introduction and statement of main results 

The present article is inspired by two series of works devoted to the study of 2-step 
nilpotent Lie algebras by means of the scalar products. In 80’ A. Kaplan introduced 
Lie algebras of Heisenberg type that he called if-type algebras [MIES], that are 2- 
step Lie algebras endowed with a positive-definite scalar product compatible with the 
Lie structure. iL-type algebras and their groups became a fruitful source of research 
related to sub-elliptic operators and the geometry associated with these differential 
operators, which nowadays is called sub-Riemannian geometry, see e.g., 0 El El na 
[20l [26l ISTl [32] . The metric approach was extended and generalised by P. Eberlein m 
ESI EG] to a study of arbitrary 2-step nilpotent Lie algebras and their Lie groups. 
He introduced a standard metric 2-step nilpotent Lie algebra, that is isomorphic to 
the direct sum M'”© W, with the centre W C so(m). The Lie brackets are uniquely 
defined by the Euclidean product on R™' and the trace product on so(m) by the 
equality 

(1) {w{x),y)urr^ = {w,[x,y])so{m), x,yEW^, w E W. 

One of his results states that any 2-step nilpotent Lie algebra is isomorphic to some 
standard metric 2-step nilpotent Lie algebra [15]. The Heisenberg type Lie alge¬ 
bras are standard metric Lie algebras related to the representations of the Clifford 
algebras C1(R”). Namely, let the Euclidean space R"' generate the Clifford algebra 
C1(R”'), and let J: C1(R"') —)■ End(R™') be a representation of C1(R”). We denote 
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W := C so(m) C End(M”^). Then the Heisenberg type Lie algebra is the 

2-step nilpotent Lie algebra © W with the Lie brackets dehned by ([1]). 

Later, an analog to the Heisenberg type Lie algebra was introduced in P 1^ . 
and studied in [D [ini El El E 2 ]. Since these type of algebras are related to the 
representations of Clifford algebras generated by a vector space with an indehnite 
scalar product, they were called pseudo iL-type Lie algebras. The pseudo iL-type 
Lie algebras naturally carry a pseudo-metric, and therefore, it would be inconvenient 
to consider them as standard Lie algebras with a positive-dehnite scalar product. 
In the present work we extend the notion of a standard metric 2-step nilpotent Lie 
algebra, which allows us to consider 2-step nilpotent Lie algebras with an arbitrary 
non-degenerate scalar product. Particularly, we show results analogous to those of 
P. Eberline [H], establishing an isomorphism between an arbitrary 2-step nilpotent 
Lie algebra and a standard (pseudo-) metric 2-step nilpotent Lie algebra. 

The structure of the work is as follows. We collect notations and necessary dehni- 
tions in Section [21 Section [3] is devoted to the dehnition of a standard pseudo-metric 
form for a 2-step nilpotent Lie algebra. Here the main result states that any 2-step 
nilpotent Lie algebra is isomorphic to a properly chosen standard pseudo-metric 2- 
step nilpotent Lie algebra. In Section 01 we formulate some properties of isomorphic 
Lie algebras in terms of a chosen pseudo-metric. In Section [5l we collect useful facts 
about Lie triple systems of the pseudo-orthogonal Lie algebra so(p,g). We show 
that in the case when the Lie triple system has a trivial centre it forms a rational 
subspace of a specially chosen subalgebra £ of so(p, q). In Sectional we explain the 
construction of a 2-step nilpotent Lie algebra with the centre isomorphic to a Lie 
triple system of so{p,q). We prove that if the Lie triple system is a rational sub¬ 
space of £, then the constructed 2-step nilpotent Lie algebra has rational structural 
constants. It leads to the existence of a lattice on the corresponding Lie group. 

2. Preliminaries 

2.1. Clifford algebras and their representations. Let H be a real vector space 
endowed with a non-degenerate quadratic form Q{v), v G V, which dehnes a sym¬ 
metric bilinear form {u,v) = + u) — Q{u) — Q{v)) by polarization. The 

Clifford algebra Cl(l/, (.,.)), named after the English geometer William Kingdon 
Clifford m, is an associative unital algebra with the unit 1 freely generated by V 
modulo the relations 

u © u = —Q{v)l = —{v, u)l for all u G H or 

M©u + u©M = —2 (m, u)l for all u,v G V. 

For an introductory text, one may look at ng. Every non-degenerate quadratic 
form Q on an u-dimensional vector space V is equivalent to the standard diagonal 
form 

Qr.slt') = vf + V 2 -{ - v ^+1 - v'^+s, n = r + s. 

Using the isomorphism (U, Q) ~ Qr,s) we will work with the Clifford algebra 
Cb,s = C1(R''’'^, Qr,s) that is isomorphic to Cl(l/, (.,.)). Starting with an orthonormal 
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basis £i, ..., in r + s = n, one defines a linear basis of by the sequence 

1, £i, ..., ij, ..., (4j (g) ... ® 4J, 1 < 4 < 4 < • • • < 4 < n, j = 1, 2,..., n. 

It follows that the dimension of Ch^s is 2"', n = r -|- s. 

A Clifford module is a representation space of a Clifford algebra where the multi¬ 
plication by elements of Clifford algebra is defined and satisfies certain axioms j2j. 

A Clifford module for Cb,^ is a finite-dimensional real space U and a linear map 
J : Cb,s —t End(f/), satisfying the Clifford relation J{v) o J{v) = = —(n, n)Id{/ 

or J{u) o J{v) + J{v) o J{u) = —2{u,v)\du for G R^’®. The matrix represen¬ 
tation is given by anti-commuting matrices. Here and in what follows, by saying 
scalar product we mean a non-degenerate symmetric real bilinear form, and by inner 
product, a positive-definite one. 

Clifford modules {U, J) and {U', J') for Cb,s are isomorphic (or equivalent) if there 
is an isomorphism 0: t/ —)■ U', such that (fo J{v) = J' o 0(n) for all n G H. A linear 
subspace hh C t/ is a submodule if it is invariant under J. A Clifford module {U, J) 
is irreducible if the only submodules are U and {0}. 

2.2. Pseudo if-type Lie algebras. The Clifford modules introduced in the pre¬ 
vious section lead to the construction of Lie algebras, that carry a scalar product, 
and in some sense, generalise the Heisenberg algebra. To reveal this relation, we 
start recalling known relations between the Clifford modules and the composition 
of quadratic forms. 

Definition 1. Let U be a vector space, J: Cb,s —t End(f/) a representation map, 
and let (■) ■)u be a scalar product on U. The module {U, J) is called admissible with 
respect to (., .)u if the map J is skew-symmetric {J{z){u),v)u = —(m, J{z){v))u for 
any z G R^’®. We write {U, J, (■) ■)u) for an admissible Clr^g-i^odule. 

The next definition concerns with the composition of quadratic forms. Let {W, (., .)w), 
be two vector spaces with corresponding quadratic forms, which we write 
as symmetric bilinear forms. 

Definition 2. A bilinear map fi: W xU ^ U is called a composition of {W, (., .)w) 
and {U, (., .)u) if the following equality 


(2) 


holds for any w E W and u E U. 

Formula ([2]) 

can be written in a non-symmetric form 

(3) 

{n{w,u),n{w',u))^ = {w,w')^{u,u) 

(4) 

{n{w,u),n{w,u'))^ = {w,w)^{u, 


We assume that there is Wq £ hh such that {wo,Wo)w = 1 and fi{wo,u) = u. It 
always can be done by normalisation procedure of a quadratic form , .)w and 
redefinition of /x, see [28]. Let us denote by Z the orthogonal complement to the 
space ITo = span{t(;o} with respect to (., .)w and by J the restriction of /i to Z, 


4 


C. AUTENRIED, K. FURUTANI, I. MARKINA, AND A. VASIL’EV 


thus J: Z X U ^ U. We also write or J{z) for a fixed value of z G Z. Applying 
formula (j3]), we obtain 

(5) = {z,Wo)^{u,u)^ = 0. 

The last equality shows that the map J is skew-symmetric with respect to (•, •)i 7 in 
the following sense 

(6) {J,{u),u')^+{u,J,{u'))^ = 0 

for any z E Z and u,u' G U. Indeed, taking into account ([5]), we get 

0 = {Jz{u + u'),u + u') = {Jz{u),u') + ( m). 

We conclude that having a normalised composition map, one can always construct 
a skew-symmetric map from it. 

Now we state two theorems which describe relations between Dehnitions [1] and [2l 
For details of the proof of Theorems [T] and [21 see [28l Theorem 5.5, Remark 5.7]. 

Theorem 1. Let (hF, (., .)w) and {U, (., .)u) be two vector spaces with scalar prod¬ 
ucts, and let p,-. W X U U be a composition of quadratic forms (|2D which is 
normalised by p{wo,u) = u with W = spanjwo} ©± Z. Then the Clifford alge¬ 
bra C\{Z, (., .)z) admits a representation J on U and (f/, J, (., .)u) is an admissible 
C\{Z, (., .)z)-module. Here (., .)z is the restriction of (., .)w to Z. 

The proof follows from the following observation 

(7) (u, J^u^ jj (m, Jz{,Jz'a ))[/ ('A'lt, JzU 'j (^z, z')z(u, u 'jjj. 

Since the scalar product (., .)u is non-degenerate we get Jf = —(z, z)zfdu, whenever 
z E Z. 

Theorem 2. Let {U, J, (• 5 •)[/) be an admissible C\{Z, .)z)-module. Then there 

exist a vector space W = Wo(BZ, and a scalar product (., .)w, such that they admit 
a composition p: W x U ^ U of , .)w and (., .)u- Here J is the restriction of p 
from W to the space Z, and Wo is one dimensional vector space orthogonal to Z 
with respect to (., .)vr- 

The skew-symmetric map J: Z ^ End(7/), relating an admissible Clifford module 
and a composition of quadratics forms, can be used for the construction of 2-step 
nilpotent Lie algebras in the following way. Recall, that a Lie algebra g is called 2- 
step nilpotent, if it satishes the condition [[g, g], g] = {0}. Dehne the skew-symmetric 
bilinear form U x U ^ Z hj 

(8) {JzU,u')u = {z,[u,u'])z- 

It is straightforward to verify that the map [.,.] satishes the Jacobi identity and 
that the set Z is the centre of the 2-step nilpotent Lie algebra n = {U ©j_ Z,[., ]). 
The dehning relation ([8]) shows that J{.){u) : Z —)■ f/ is the adjoint map to the linear 
map adu (-): U ^ Z with respect to the metric (.,.) = (., .)u + (■, fz- Let us give 
some formal dehnitions. 
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Definition 3. |2l] Let n = (U ©x Z, be a 2-step nilpotent Lie algebra, 

and let lAu be the orthogonal complement to the kernel ker(ad„) of the linear map 
adti(-) := [u, ■]: U ^ Z for some u G U. Then the Lie algebra n is called of general 
H-type if 

ad^j: {Uu, (., .)uu) {Z, (., .)z) 

is a surjective isometry for all u E U with {u,u) = 1, and a surjective anti-isometry 
for all u E U with {u,u) = —1. 

In Definition [3l it is assumed that the spaces {Uu, (., ■)uu)^ {Z, (., .)z) are non¬ 
degenerate, where (., and (., .)z are the restrictions of (.,.) to the spaces Uu 
and Z, respectively. 

If the scalar product is positive-definite, then Definition [3] coincides with the 

definition of A. Kaplan in [23], who called these kind of algebras H-type in attempt 
to generalise the Heisenberg algebra. We emphasise, that the word “general” stands 
for the general scalar product, not only for a positive definite. In works [2T],[23| it was 
shown, that given a general hf-type Lie algebra, the Lie product [.,.] defines a skew- 
symmetric operator J\ Z x U ^ U hj means of ([8]) that satisfies the orthogonality 
condition 

(9) {Jziu),J;.{v))u = {z,z)z{u,v)u- 

It can be lifted to the composition of quadratic forms ([2]) of (W = Wq © Z, (., .)w) 
and (f/(. ! ■)u)- The converse statement is also true. All iL-types algebras descend 
from a composition of some quadratic forms. The map J{ ){u) is not only the formal 
adjoint to adu(-), but also the inverse map to the (anti-)isometry ad„; U ^ Z, 
see [2T] . 

P. Ciatti [9] introduced the following notion. 

Definition 4. A 2-step nilpotent Lie algebra n = (U ©x Z, [•,•],(•, •)) called of 
pseudo H-type, if the map J: Z x U ^ U defined by ([H]) satisfies the orthogonality 
condition ([9]). 

In the same work it was proved that a 2-step nilpotent Lie algebra n = (f/ ©x 
Z, .)) is a pseudo iL-type algebra, if and only if, {U, J, (., .)u) is an admissible 

module for the Clifford algebra C\{Z, (., .)z)- Here the map J is defined by ([8]) and 
the restrictions (•) ■)u and .)z of the scalar product (.,.) are supposed to be non¬ 
degenerate. All in all, we conclude the following equivalence between the definitions. 

• The general H-type algebra exists, if and only if, the composition of guadratic 
form exists, see [2TI |23| . 

• The composition of guadratic form exists, if and only if, the admissible module 
exists, see [28] . 

• The admissible module exists, if and only if, the pseudo H-type algebra exists, 
see [9]. 

Discussions about equivalence of Definitions [3] and |3] can be found also in [1]. From 
now on, we will use the term pseudo H-type algebras, because it was introduced 
in [9] before the general iL-type algebras [2T] . 
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Relation (| 8 ]) implies the skew symmetry (| 6 ]) of the map J that jointly with the 
orthogonality (jO]) leads to the dehning property of the Clifford module 

( 10 ) JI =—{z^z)z^(^u 

as was shown in ([7]). Moreover, any two conditions from ([ 6 ]), ([9]), and flTOl) imply 
the third one. 

Remark 1. Examples of non-admissible modules were constructed in |9]. 

Due to the skew symmetry of Jz, the orthogonal complement of a submodule is 
again a submodule. 

If a Ch,s-modrt/e is admissible for s > 0, then the representation space is neutral 
with respect to the scalar product, which means that the dimension of the repre¬ 
sentation space is even and the dimensions of maximal subspaces, where the scalar 
product is positive definite or negative definite, coincide. If s = 0, then the module 
is admissible with respect to any inner product. 

2.3. Lattices and nilmanifolds. One of the aims of this paper is to prove that 
the pseudo R-type groups admit lattices, or equivalently, the corresponding pseudo 
R-type algebras admit a basis with rational structural constants. We explain this 
relation. 

Definition 5. A subgroup K of G is called (co-compact) lattice if K is discrete and 
the right guotient K\G is compact. The space K\G is called a compact nilmanifold 
or a compact 2-step nilmanifold if G is a 2-step nilpotent Lie group. 

Theorem 3 (Mal’cev criterion [29]). The group G admits a lattice K, if and only if, 
the Lie algebra 0 admits a basis B = {bi,..., bn} with rational structural constants 

h,’>,] = Y:LiC%h,C%eQ. 

We denote the Lie exponent and the Lie logarithm by exp: g —)■ G and log: G —)■ g 
respectively. Given a lattice K, one can construct the corresponding basis B as 
follows. Set gQ = span q log K, which is a Lie algebra over the held Q. Denote by 
Bq a Q-basis in gQ. Then it is also an M-basis S in g. 

Conversely, given a basis B dehned as in Theorem [3l let A be a vector lattice in 
g, such that A C span qB. Then the lattice K is generated by the elements exp A, 
and spanQ(logiC) = spauQ^. 

2.4. Standard metric 2-step nilpotent Lie algebras. In this section, we present 

shortly ideas from showing that any 2-step nilpotent Lie algebra can be 

endowed with a canonical positively dehnite scalar product and the choice of this 
inner product is unique up to the Lie algebra isomorphism. Inspired by the dehnition 
of general iL-type algebras, in SectionOwe generalise the ideas from [ElUS], showing 
that actually a non-degenerate scalar product of any index can be chosen. 

Through out the present work we assume that a 2-step nilpotent Lie algebra g has 
a commutator ideal [g, g] of dimension n and its complement is of dimension m. A 
basis B = {ui,..., Um, zi,..., Zn} of the Lie algebra g is called adapted if {zi, ..., Zn} 
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is a basis of [g, g]. Define the skew-symmetric (m x m)-matrices , C'"' by 

n 

[Va,V^] = ^ClpZu. 
k=l 

Matrices are elements of the Lie algebra so{m), and they are linearly independent 
in 5o(m), see [15]. Then the n-dimensional snbspace C” = span , C'”'} C 

5o(m) is isomorphic to [g,g] = span {zi,..., and is called the strncture space 
determined by the adapted basis B. The vector space 

span {wi,..., Vm} © span {zi ,..., 

of the 2-step nilpotent Lie algebra g is isomorphic to the direct snm © C^. The 
n-dimensional snbspace C"" C 5o{m) depends on the choice of the adapted basis, 
nevertheless all possible subspaces dehned by an arbitrary choice of an adapted 
bases form the set {AC^A^ \ A G GL(m)}, where A^ is the transpose of A. 

The spaces and C” C so(m) have a natural choice of inner products that will 
dehne the Lie algebra product on ^ = R"* © C”. Denote by (., .)so{m) the positive- 
dehnite product on so(m) dehned by 

= —tr(ZZ'), 

and denote by (., .)m the standard Euclidean inner product in R™. The notation 
(•, ■)so{m) is also used for the restriction of this inner product on C" C so(m). Then 
the inner product = (., .)rn + (•, ■)so{m) makes the direct sum Q = R™ © C"" 

orthogonal. Let [.,.] be a unique Lie product on Q, such that C” belongs to the 
centre of Q, and 

{Z{x),y)^ = (Z, [x, y])so{ni) for arbitrary x, ?/ G R”", Z G C", 

where Z(x) simply denotes the action of Z G C** C so{m) on a vector x G R”^ 
dehned by matrix multiplication. It is easy to see that {Q, [•,•]) is a 2-step nilpotent 
Lie algebra, such that [G,G] = C” and, endowed with the inner product (.,.) = 
(•, •)m + (■, ■)so{m), it is called a standard metric 2-step nilpotent Lie algebra. It was 
shown in [Tl| that any 2-step nilpotent Lie algebra g is isomorphic to a standard 
metric 2-step nilpotent Lie algebra Q = (R™ © C”, [•,•],(•, •)) ■ 

3. Pseudo-metric on 2-step nilpotent Lie algebras 

In this section, we continue to develop the approach proposed in Section 12.41 The 
choice of the Euclidean product in R"* is very natural, but it is also possible to choose 
the metric (x, y)y^q = p + g = m of an arbitrary index (p, q). 

It leads to the change of the structural space C G so(m) to the space V C so(p, g), 
and of the positive dehnite metric on so(m) to the indehnite metric on so{p, q). The 
main motivation of this choice is the following. The standard metric form for classical 
Lf-type algebras carries a positive definite scalar product and in this case the Lie 
algebras are isometric also as scalar product spaces. Meanwhile the pseudo iL-type 
Lie algebras, introduced in Section [2^ are isomorphic (and isometric) to a standard 
pseudo-metric form with an indehnite scalar product related to the scalar product 
of the underlying Clifford algebras. Notice, that being 2-step nilpotent Lie algebras. 
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the pseudo if-type Lie algebras are also isomorphic to a standard metric form with 
a positive dehnite metric, see [15], but in this case they are not isometric and the 
isomorphism neglects the relation with the Clifford algebras generating pseudo H- 
type Lie algebras. The approach using indehnite scalar products also allows us to 
distinguish those Lie groups which admit indehnite left invariant metrics. We also 
aim to show that any 2-step nilpotent Lie algebra is isomorphic to some metric Lie 
algebra with an indehnite scalar product. 


3.1. Pseudo-orthogonal groups. We start reminding the structure of the pseudo- 
orthogonal group and its Lie algebra. We use the notation rjp^q = diag(ip, —Iq) for 
diagonal (m x m)-matrix, m = p + q, having the hrst p entries on the main diagonal 
1 and the last q equal to —1. Further we continue to use Ip to denote the {p x p) 
unit matrix. Let (., .)p^q be a scalar product in M™', p + q = m, dehned by the matrix 
rjp^q. {x,y)p^q = x^rip^qp for x,y E M”^, where x^ is the transpose to x. We use the 
following notation 


( 11 ) 


= 



if 1 < f < p, 

if p + 1 < i < p + q = m, 


to indicate the sign in the scalar product of the vectors from the orthonormal basis 
of A vector x G is called 

• spacelike if (a:, x)p^q > 0 or x = 0, 

• timelike if (x, x)p^q < 0, 

• null if X 7^ 0 and (x, x ) p^q = 0. 

We denote by 0{p,q) the pseudo-orthogonal group 

0(p,g) = {X G GL{m)\ X^pp^qX = pp^q}, 

where X* is the matrix transposed to X. The pseudo-orthogonal group preserves 
the scalar product (•, ■)p^q in the following sense 

(Xx, Xy)p^q = x^X^pp^qXy = x^Pp^qP = (x, y)p^q, x,y E p + q = m. 

The inverse X~^ of X is given by X~^ = pp^qX^pp^q. For any matrix A dehne the 
matrix by := pp^qA^pp^q. Thus, if X G 0(p, g), then X^P’’>X = XX'^P’P = 
Jm, which implies = X“L 

If we replace Pp^q by any symmetric matrix p with p positive and q negative 
eigenvalues, then we get a group isomorphic to 0(p, g). Diagonalising the matrix p 
gives a conjugation of this group with the standard group 0(p, g). It follows from 
the dehnition that all matrices in 0(p, g) have determinant equal to ±1. A matrix 
X G 0(p, g) can be written in a block form as 


r 

B 

c 

Xt 


where Xs and Xt are invertible {p x p) and (g x g) matrices, respectively. An 
element X G 0(p, g) preserves (reverses) time orientation provided that det(X 7 ’) > 0 
(< 0 ), and preserves (reverses) space orientation provided that det(X 5 ) > 0 (< 0 ). 
0 (p, g) can then be split into four disjoint sets 0 ’'”'"(p, g), 0 ''"“(p, g), 0~~^{p, g), and 
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O (p, q), indexed by the signs of the determinants of Xs and X^, in the respective 
order. The following three disconnected subgroups of 0{p,q) dehne the orientation 


on 


o,q. 


(12) 0++{p,q) UO—{p,q), 0++{p,q) UO+-{p,q), 0++{p,q) U 0-+{p,q). 


According to PI, we call the hrst group orientation preserving, the second one 
space-orientation preserving and the last one time-orientation preserving. The con¬ 
nected component 0~^~^{p,q) contains the identity, preserves time orientation, space 
orientation, and the orientation of The component 0’'”'"(p, q) is, in some sense, 
an analogue of the special orthogonal subgroup SO(m) of the orthogonal group 
0(m), and therefore, we use the notation SO{p,q) = 0~^~^{p,q). The group 0{p,q) 
is not compact, but contains the compact subgroups 0(p) and 0(g) acting on the 
subspaces on which the scalar product (., .)p^q is sign-dehnite. In fact, 0(p) x 0(g) 
is a maximal compact subgroup of 0(p, g), while S'(0(p) x 0(g)) is a maximal com¬ 
pact subgroup of 0’'"'''(p, g) U O (p, g). Likewise, SO(p) x SO(g) is a maximal 
compact subgroup of the component SO(p, g). Thus up to homotopy, the spaces 
S'(0(p) X 0(g)) and SO(p) x SO(g) are products of (special) orthogonal groups, 
from which algebraic-topological invariants can be computed. 

The Lie algebra of 0(p, g), and thus of SO(p, g), equipped with the Lie bracket 
dehned by the commutator [A, B] = AB — BA, is the set 

5o(p,g) = {^ G gl(m)| Pp,qA^Pp,q = -A}. 

So, an element X G so(p, g) satishes = —X, and one has X^P’‘^X = XX^P''> = 
—X^. In general, for an arbitrary A G gl(m) the following is true: (^^p-9)'7p,9 = A 
and {ABYp'’^ = 

The Lie algebra so(p, g) can be equipped with the scalar product (.,. )so{pq) 
hned by ,y)so{pq) = tT{X^P’‘>y) = —ii{Xy). The scalar product is positive- 
dehnite only for g = 0. Analogously to the causal structure in we say that 
a non-zero element X G so(p, g) is timelike if {^,^)so(pq) < 0) spacelike if 
(A, A > 0, and is null if {^,^)so(pq) ~ 0- element is declared to 

be spacelike. Matrices in so{p, q) can be written as 


X = l^p 


So, for X G so(p, g) one has 


apGso(p), agGso(g). 


-tr(A’^) = -tr(ap -F a^) - 2tr(66*). 


As we see, the hrst term in the right hand side, involving the skew-symmetric ma¬ 
trices Op and Qq, is always positive and represents the spacelike part. The matrix b 
is responsible for the timelike character of elements of the Lie algebra. The metric 
dehned by trace has index as one can see from the dimensions of 

so(p) and so(g). 

Notice that if A G so(p, g) and x,y E R”^, p + q = m, then 


{Xx,y)p^q = x^X^pp^qy = -x^Pp^qXy = -{x,Xy)p^q. 
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Thus matrices from so{p, q) are skew-symmetric with respect to (., .)p^q. 

At the end of the section we consider a generalisation of the above constructions. 
Let (y, (., .)y) be a scalar product vector space. We denote by o(y, (., .)v') or shortly 
o(y) the subspace of the space End(y) of linear maps A: V ^ V such that 

(13) {Av,w)v = —{v,Aw)v- 

We call o(y) the space of skew-symmetric [with respect to (., .)v) maps and note 
that it coincides with 5o{p,q) when V = and (., .)v = (■, ■)p,q- In general, it 
can be shown that o(y) is isomorphic to the space so{p,q) for any m-dimensional 
scalar product space (V, (., .)y) with a scalar product of index (p, q), p + q = m. We 
can endow the space o(y) with the following scalar product 

(A^)o(y) = -tr(^B). 

One can prove that the index of (., .)D{y) is by the isomorphism 

property with so(p, q). 

3.2. Lie product and compatible scalar product. The relation between skew- 
symmetric representations of Clifford algebras and some class of 2-step nilpotent Lie 
algebras, namely, pseudo iL-type Lie algebras was described in Section 12.21 . This 
relation is actually more general and can be given for arbitrary skew-symmetric 
maps and 2-step nilpotent Lie algebras endowed with some scalar product. 

From Lie algebras to skew-symmetric maps. Let (g, .)g) be a 2-step Lie 

algebra with a centre U and a scalar product (., .)g on g. We write Q = V ©j_ U 
where the decomposition is orthogonal with respect to (., .)g. Here we also assume 
that the restriction (., .)v of (., .)g to V is non-degenerate which also leads to the 
non-degeneracy of the space U with respect to the restriction (•,•)[/ of (. ,.)g to U. 
As it was mentioned before, every z & U and the Lie product on g dehne a map 
J,:V ^Vhy 

(14) {JzV,w)v = {z,[v,w])u for all v,wgV and all zeU. 

It is clear that satisfies flT^ and is linear with respect to both variables: z E U 
and V E V. Therefore, we conclude that the scalar product and the Lie product 
together define a linear skew-symmetric map J: t/ —)■ o(y). 

From skew-symmetric maps to Lie algebras. Let now (V, (., .)y) and {U, , .)u) 

be two scalar product spaces and J: U ^ o(y). Then the sum g = H © f/ is 
orthogonal with respect to the non-degenerate scalar product (., .)g = (., .)v+(. , ■)u, 
and we are able to define the Lie bracket for g by making use of 0141) . Then g = 
(y ©[/,[.,.],(., .)g) becomes a 2-step Lie algebra endowed with a non-degenerate 
scalar product, where U belongs to the centre. 

The discussions above raise the following question. Let two finite dimensional 
vector spaces U and V are given, and let J: —)■ End(y) be a linear map. When 
can one find a scalar product (., .)y on V, such that Jz satisfies flT^ for all z eUI 
Thus, we are looking for a scalar product (., .)y on H such that J: U ^ o(y, (•) V)- 
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Definition 6 . Let J: U ^ End(i/) be a linear map. A scalar product (., .)y on V 
satisfying 

{JzV,w)v = —{v, Jzw)v for all z eU, 
we call W-invariant, where W = J{U). 

If, moreover, a non-degenerate scalar product (.,.)[/ on U is given, then the 
decomposition V (B U is orthogonal with respect to (., .)g = (., .)v + {■, ■)u, and 
we are able to define a Lie algebra structure on E © t/ by means of ffT^ as was 
described above. 

3.3. Uniqueness properties. In this section we study the uniqueness of the choice 
of a scalar product invariant in the sense of Definition O We start with a simple 
proposition. 

Proposition 1. Let (V, (•) ■)v) and {U, {■, ■)u) be scalar product spaces, and let 
J: U ^ o(U). The multiplication of both scalar products (., .)v and (.,.)[/ by a 
non-zero number c does not change the brackets defined by the eguality {JzV,w)v = 
{z, [n, w])u for all v,w E V, and for all z E U. 

Lemma 1. Let V and U be finite dimensional vector spaces, and let {■, ■)u be a 
non-degenerate scalar product on U. Let J: U ^ End(U) be a linear map with 
W = J{U) and (., .)y and (., .)y be two W-invariant scalar products of egual index 
and such that the set of spacelike (timelike and correspondingly null) vectors coincide. 
Assume that [., .]^ and [., .]^ are Lie products defined by o with respect to the 
scalar products {. , .)y and {., .)y on q = V ®j_ Lf. Then the Lie algebras (g, [., .]^) 
and (g, [., .]^) are isomorphic. 

Proof. We define the linear map S\ V hy 

(15) {v,w)y = {Sv,w)y. 

Then S is injective because assuming that there is n G U, n 7 ^ 0, such that Sv = 0, 
we arrive at (n, w)y = 0 by ffl^ for any w E V. So we conclude that n = 0 by the 
non-degeneracy of the scalar product, which contradicts the assumption. 

The map S is symmetric with respect to both scalar products. Indeed 

(16) {Sv, wYv = {v, = {w, n)y = {Sw, v)]y, 

{Sv, w)y = {w, Sv)y = {Sw, Sv)y = {Sv, Sw)y = {v, Sw)y. 

Note that the operator S has only real eigenvalues. Denote by Ai the matrix of 
the first scalar product: {u,w)y = u^Aiw. The real matrices Ai and S satisfy the 
relations: Ai = A\ and S'*Ai = AiS*. We claim that the number u^AiSu is real for 
any vector u E V. Indeed 

u^A^Su = u^AiSu = {u^A^SuY = u^S^A\u = u^S^A^u = u^A^Su. 

In the same way we show that tPAiu E M. It implies that if Su = Xu, then A is 
actually real, because of the following relation 

R 9 id'AiSu = {Su,u)y = Xivd'Aiu). 
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Moreover S has only positive eigenvalues, because if Su = \u and {u,u)y ^ 0, 
f = 1, 2, then 

\{u,u)\ = kSu,u)\ = {u,u)\. 

Since (m, u)y and (m, u)y have always the same sign by the assumption of the lemma, 
we conclude that A > 0. If = \u and {u,u)y = 0, f = 1,2, then we change the 
arguments. Let {ci,..., e^} be an orthonormal basis with respect to (., .)y, that 
always exists since the scalar product is non-degenerate. Choose a basis vector 
such that {ek,u)y ^ 0. Such kind of vector e^, exists, otherwise u would be the 
zero vector which contradicts the requirement that u is an eigenvector. Then (ccfc — 
u, cck — u)y = 0 for c = 2(efc, ek)y{eki u)y. Write v = ccfc. Then {v — u,v — u)y = 0 
for i = 1,2. This implies 


0 = (v - U,V - u)y = {v, v)y - 2{v, u)y, 

and we conclude that the non-vanishing value of {v,u)y has the same sign in both 
vector spaces. Thus, 

\{u,v)y = {Su,v)y = {u,v)y, 
and we conclude that A > 0. 

The map S commutes with for any z & U hy 

( 17 ) {JzSv, w)y = -{Sv, JzW)y = -{v, JzW)y = {J^V, w)y = {SJ^V, w)y. 

Let Cl,..., Idv be eigenspaces of the map S corresponding to different eigenvalues, 
which we denote by A^,..., A^. Then Ci,...,Cv are mutually orthogonal with 
respect to both scalar products because the map S is symmetric with respect to 
them. Let us write V 3 v = Yl!k=i V 3 w = '^k=i where Vk, Wk E 14. We 

claim that 


[vk, VjY = 0 for Vk e Vk, Vj e Vj, j, i = l, 2. 

First, observe that the subspaces 14 , k = 1,..., iV, are invariant under for any 
z E U because SJz = JzS. We calculate 


{z, [vk, VjY)u = {JzVk, VjYy = {vY VjYy = 0, i = l,2, v[e Vk 
for any z E U. The scalar product {■, ■)u is non-degenerate and we conclude that 
[vk.VjY = 0 . 

We are ready to dehne the Lie algebra isomorphism {V ®U, [., .]^) -3 {y®U, [. , .]^). 
Lp-.V ®U ^V ®U hy 


(18) 




Xkldv^, k = l,...,N, on C, 
Id( 7 , on U, 


and check (p{\v,wY) = [(/^(w), 99(11;)]L We obtain on one hand 

N N 

{z,ip{\v,wf))u = {z,[v,wf)u = ^{zA^k,Wkf)u = ^{JzVk,Wk)y 

k=l k=l 


N 

— Xf.{JzVk,'Wk)y, 

k=l 
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since (., .)y^ = A^(., .)y^. On the other hand, 

N N 

(z, [(^(n), ^{w)Y)u = ^ Xl{z, [vk, Wk]^)u = >l{JzVk, Wk)v, 

k=l k=\ 

that hnishes the proof. □ 

Corollary 1. Let (V, (., .)y) and {U, {. , .)u) be two scalar product spaces, and let 
J\ U —)■ o(l/). Then every scalar product {.,.)u on U defines a unique 2-step 
nilpotent Lie algebra structure given by flT^ on the vector space g = V ©_l U. 

We generalise Lemma [1] in the following form. 


Proposition 2. Let V and U be finite dimensional vector spaces, and let (., .)u be 
a non-degenerate scalar product on U. Let J: U ^ End(P) be a linear map with 
W = JiU), and let (. ) ■)¥ and (. ) •)u be two W-invariant scalar products admitting 
a linear map S: V ^ V satisfying the following conditions. 

1. The eigenspaces Vi,... ,Vn of the map S are orthogonal with respect to both 
scalar products. 

2. The eigenspaces are invariant under all maps Jz € W. 

3. The restriction S\v^. ■ Vk ^ Vk is an isometry (or anti-isometry) for all k = 

1,...,N. 

Assume that [. ,.]^ and [., .]^ are Lie products defined by JH with respect to the 
scalar products (., .)y and (. , .)y on g = V ©_l Lf. Then the Lie algebras (g, [., .]^) 
and ( 0 , [., .]^) are isomorphic. 


Proof. The hrst two properties imply that [vk, Vjf = 0 for all Vk E Vk, Vj & Vj, k ^ j, 
i = 1,2. The isometry property gives 

v)vk = {Su, Sv)y^ = {u, v)y^ for all u,v e I 4 . 

In the case of anti-isometry we obtain 

^)vfc = Svfy^ = -{u, 0 ) 1 ,^ for all u,v e Vk, 

for each eigenspace I 4 . In the case of isometry we dehne the Lie algebra isomorphism 
(f as in (flSj) . and in the case of anti-isometry we set 


(19) 


ip = 


Afcldvfc, 

-Idf/, 

The proof hnishes as in Lemma [U 


A; = 


on V, 
on Lf. 


□ 


3.3.1. 2-step nilpotent Lie algebras with trivial abelian factor. The map J: Lf ^ 
0 ( 1 /) is not necessarily injective. Nevertheless, if it is so, the corresponding 2-step 
nilpotent Lie algebra possesses nice properties. Let 0 be a 2-step nilpotent Lie 
algebra. Then in the commutative ideal [ 0 , 0 ], there can be a proper subspace of the 
centre Z of the Lie algebra 0 . The case [ 0 , g] = Z corresponds to the injective map 
J: Z ^ o(ld). We recall some results for arbitrary 2-step nilpotent Lie algebras in 
this direction. 
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Proposition 3. [15] Let q be a 2-step nilpotent Lie algebra with a centre Z. Then 
there is an ideal g* and an abelian ideal a of q with a Z, such that 

1- g = g* © a and Z = [g, g] © a; 

2. g* is a 2-step nilpotent Lie algebra such that [g, g] = [g*,g*] = Z*, where Z* 
is the centre of g*; 

3. The ideals g* and a are uniguely defined up to an isomorphism by item 1; 

4. If g has a basis B with rational structure constants, then g* has a basis B* 
with integer structure constants. 

The factor a in Proposition [3] is called an abelian factor. The proposition has the 
following useful corollary. 

Corollary 2. Let g be a 2-step nilpotent Lie algebra with a centre Z. Then g has a 
trivial abelian factor if and only if [g, g] = Z. 

Lemma 2. Let (g, .)g) be a 2-step nilpotent Lie algebra with a centre Z, 

and let a scalar product {., .)g be such that its restrictions to Z and [g,g] are non¬ 
degenerate. Let V = Z^, and let J: Z ^ be the linear map defined by f[TT|) . 
Then the following statements are eguivalent: 

1. The commutative ideal [g,g] has co-dimension d>0 in Z; 

2. The kernel of J has dimension d. 

Proof. Let us write Z = [g, g] © [gjg]"*". Then {JzV,w)y = {z, [v,w])z, and the non¬ 
degeneracy of the scalar products imply that J^v = 0, if and only if, 2 ; G [g,g]''‘, 
that proves the equivalence of items 1 and 2. □ 

An immediate corollary of Lemma [2] follows. 

Corollary 3. Let g be a 2-step nilpotent Lie algebra with a centre Z. Then the 
following statements are eguivalent. 

1. The Lie algebra g has a trivial abelian factor; 

2. Let g admit a non-degenerate scalar product, such that its restriction to Z 
is non-degenerate. Let V = Z^, and let the linear map J: Z ^ o{V) be 
defined by flTTD . Then the map J is injective. 

3.4. Examples. Now we give several examples of skew-symmetric maps and Lie 
algebras related to them. 

Example 1. Consider p + q = m with the metric {x,y)p^q = x^Pp^gy. Let W 
be a non-zero subspace of so{p,q). The inclusion map l: W ^ so{p,q) dehnes a 
skew-symmetric map in the following sense: ii z & W and iz = i{z) = Z G so(p, g), 
then 

= {Zx,y)p^q = -{x, Zy)p^^ = -{x,iz{y) )p^q. 

If the restriction of the metric, dehned by the trace on so(p, g), to the vector subspace 
W C so(p, g) is non-degenerate, then we can dehne a Lie algebra structure on 
RP-i © IT. If IT = so(p, g), then the constructed Lie algebra on ©so(p, g) 
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will be the free 2-step nilpotent Lie algebra that we denote by F 2 {p,q). 
F 2 {p, q) = ©so(p, q), where the commutator on is dehned by 


Thus, 


( 20 ) 


[w, n]i?2(p,ij) „( 


wv 


vw^)p. 


'p,q- 


For the standard basis {ej} of we get [^i, ej]F 2 {p,q) = — Eji)pp^q, where 

Eij denote the (m x m) matrix with zero entries except of 1 at the position ij. Since 
E 2 {p,q) is the 2-step nilpotent Lie algebra, we obtain that so{p,q) forms a centre. 
Particularly, if g = 0, then we get the free Lie algebra E 2 {m) studied in [T5] . 


The next example is closely related to Section 12.21 


Example 2. Let g be a pseudo iL-type Lie algebra. Then the linear map dehned 
by (ITTll is skew-symmetric and dehnes a representation of the Clifford algebra. Con¬ 
versely, given a representation J : Cl(t/, (., .)u) —^ V, which is also skew-symmetric 
with respect to a scalar product on V, we can construct a 2-step nilpotent Lie algebra 
that will be a general iP-type Lie algebra. All details are described in Section 


3.5. Standard pseudo-metric 2-step nilpotent Lie algebras. We present the 
construction of 2-step nilpotent Lie algebras with some standard choice of the met¬ 
rics. 

Let (V, (■) V) be an m-dimensional scalar product space, and let o(C) space of 
skew-symmetric maps with respect to (., .)y. Equip the space o(C) with the metric 
(x, x')o(v) = —tr(zz'), z E o(V). Observe that if the scalar product (• 5 ■}¥ has index 
(p, q), p+q = m, then the scalar product (., .)o(y) has index Since 

the Lie algebra o(E) is simple, then any symmetric bilinear form is a multiple of the 
Killing form. 

Let W be an n-dimensional subspace of o(K), such that the restriction of (., .)o(y) 
to W is non-degenerate. Let Q = V ®W and (., .)g = (., .)v + (■, •)o(y)- The direct 
sum Q = V ®W is orthogonal with respect to (., .)g. Let [., .]g be the Lie product 
on Q dehned as follows. If G V, then [v^w]g is a unique element of IF, such 
that 

(21) ([n, w]g, z)o(v) = {z{v),w)v 

for every z E W. 

Definition 7. IFe call the Lie algebra Q constructed above the standard pseudo¬ 
metric 2-step nilpotent Lie algebra and write Q = {V ©j_ IF, [., .]g, (., .)g). 

If F = and (., .)y = (., ■)p,q is the scalar product dehned by the matrix pp^q = 
diag(/p, —Jq), then we write so(p, g) for skew-symmetric maps, and the standard 
pseudo-metric 2-step nilpotent Lie algebra is ^ ©_i_ IF, .)g) with 

(• ) •)q ~ (• ) •)p,q T (• ) ■)so{p,q)- 

We also say that the standard pseudo-metric 2-step nilpotent Lie algebra is in- 
volutive, if IF is a subalgebra in o(F, (■) V)- It is easy to see that [G,G] = IF and 
IF is the centre of G, if and only if, for any v 0, v E V there is x G IF such that 
z{v) 7^ 0. 
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Example 3. Free standard pseudo-metric Lie algebra. Let us equip the 2-step free Lie 
algebra F 2 (p, q) = W’'^®5o{p, q) with the scalar product + (•, • )p^q- 

Then 

for all tc, u G and all Z G so(p, q), where the Lie brackets are introduced in fl20l) . 
First we calculate {Zw,v)p^ and obtain 

{Zw,v)pg = W^Z^Pp^qV = -W^Pp^qZv = -il{w^Pp^qZv) = Pp^qZ), 

where tiiw^Zpp^qv) = w^Zpp^qV as w^Zpp^qV G M, and where we used Z^pp^q = —Pp,qZ 
for all Z G so(p, q). Moreover, since Z G so(p, q) we also get 

( )p,q = -{w,Zv = tiiwv^Pp^qZ). 

With these relations we calculate ([tc,n], and obtain the desired equality 

(hw], ^)5o(p,g) = -tr = \ {tr{wv^Pp,qZ) - ti{vw^pp^qZ)) 

= '\Zw,v)pq. 

Example 4. Representation of Clifford algebras. Let (., .)r,s), and let Ch,s 
denote the Clifford algebra generated by Let J: Ch,s End(C) be a Clifford 
algebra representation on the hnite-dimensional vector space V. We identify V (or 
C©!/ if it is necessary) with 2p = m, equipped with the scalar product (., .)p^p, 
such that W = J(Mns) c so(p, p) if s > 0. If s = 0, then we identify V with the 
Euclidean space M™', and in this case W = J(W’^) C so(m). As it was observed 
in Remark [T] the scalar product on V should be neutral in the case s > 0, that 
determines the choice of the scalar product (., .)p^p and the inclusion of IF = J(W’^) 
into the space 5o{p,p). 

3.6. Reduction of a 2-step nilpotent Lie algebra to the standard pseudo¬ 
metric 2-step nilpotent Lie algebra. We start from the following observation 
relating elements in so(m) and so{p,q) with p + q = m. Let Pp^q = diag(/p, —/g), 
p q = m, and let Pi = z/j(p, q) be dehned by flTTl) . Then, for any (m x m) matrix 
A = {ap}^=i, we have 

(^Appq'j Ij ttijUj, (fJpqAfj ttijUi. 

Let C G so(m), and dehne D = Cpp^q (or equivalently, Dij = i/jCij). We claim 
that D G so{p,q). Indeed, 

Vp,q^ Vp,q ~ Vp,q{^Vp,q) Vp,q ~ Vp,qVp,q^ Vp,q ~ ~Cpp^q = —D. 

Analogously, we can show that D = Pp,qC G so(p, g) if C G so(m), m = p + q. Let 
us prove the following technical lemma. 

Lemma 3. Let q be a 2-step nilpotent Lie algebra, such that dim([g, 0 ]) = n, and let 
the complement V to [g, g] be of dimension m. Denote by zi,..., Zn a basis of [g, g], 
and by vi,... ,Vm a basis of V. Let [vi, vf = ^ijZk for 1 < f, j < m. Then the 
matrices = C^pp^q are linearly independent in any so{p,q), p -\- q = m. 
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Proof. It was proved in [15] that , C” are linearly independent in so(m). Thus 

for any real numbers Oi,..., we have 

n 

= 0 (Tfc = 0 , k = l,2,...,n. 

k=l 

Then 

n n n 

0 = (^'^akC’'^r]p^g = '^akC'"r]p^q = '^akD’^ ak = 0, k = 1,2,... ,n. 

k=l k=l k=l 

□ 


Any 2-step nilpotent Lie algebra 0 dehnes a subspace C C so(m), where C = 
spanR{C^,..., C^} and moreover, this subspace is non-degenerate in so{m). This 
fact allows to construct the isomorphism between g and the corresponding standard 
metric Lie algebra Q = M'" ©C with positive-dehnite scalar product, see [15]. The 
space C also generates spaces V = spanR{Zl^,..., D^}, = C^rjp^q, in each so(p, q). 

Moreover, if "D C so{p,q) is non-degenerate with respect to the restriction of the 
indehnite trace metric to P> in so{p, q), then there is an isomorphism between g and 
the standard pseudo-metric Lie algebra Q = © "D as it is shown in the following 

theorem. 

Theorem 4. Let q be a 2-step nilpotent Lie algebra such that dim([g,g]) = n, and 
the complement V to [g,g] is of dimension m. Then there exists an n-dimensional 
subspace V of so{p,q), p + q = m, n < such that if V is an n-dimensional 

non-degenerate subspace of 5o{p,q), then g is isomorphic as a Lie algebra to the 
standard pseudo-metric 2-step nilpotent Lie algebra Q = R^’”^ ©j_ V>. 

Proof. Let g = 1/ © [g,g], v\,... ,Vm be a basis of V, and let zi,..., Zn he a basis 
of [g, g]. Let ei,..., be the standard orthonormal basis in R^’^ with the scalar 
product (.,. 

Let [vi,Vj]^ = T.l=iCijZk for 1 < i,j < m and = pp^qC^. Choose a pair 
p,q E N, p q = m, such that the space V = span ..., H’*} C 5o{p,q) is 
non-degenerate with respect to the metric (., .)so(p,q)- Let pi,..., be a basis of V, 
such that {pk, D’')so{p,q) = dki loi I <k,l < n. 

Dehne a linear isomorphism T: g —^ by 

T{vi) = ei, i = l,...,m, T{zk) =-pk, k = l,...,n. 

We claim that T is a Lie algebra isomorphism and it suffices to show that 

T{[Vi,Vj]g) = [T{Vi),T{Vj)]g. 

Note that 

{[T{vi),T{vj)]g,D^),,^^q) = {[ei,ej]g,D’^),,^p^q) = {D^d), ej)p^g 

= {ciYiD’^Ypp^gej = {{D’^)\^q)ij 

= = c;,. 
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On the other hand, 




which hnishes the proof. 


n n 

r=l r=l 

n 

^ijOrk — ^ij — ^ji, 

r=l 

□ 


3.7. Examples of standard pseudo-metric algebras. Let us consider three 
pseudo LT-type Lie algebras n 2 ,o, Ri,i, and no ,2 and show that they can be realised 
as standard pseudo-metric algebras for some choice of so{p, q). 

The pseudo 77-type Lie algebra n2,o- The algebra n2,o is constructed from 
the Clifford algebra Cl 2 ,o- Thus the centre of n 2 ,o is isomorphic to and the 
complement to the centre is isomorphic to with the standard Euclidean metrics. 
Let {zi, Z 2 ) be the standard basis of and let G 5 o( 4 ) be such that 

Jz\ Z2 i-d.R4, Jzi'Jz2 Jz2Jzi- 
We chose the following orthonormal basis in constructed by 


V\ Ci, V2 Jz 2 Jz\'Vli T3 Jzi'^li T4 Jz 2 V\' 

In the basis {^1,^2, ^3,^4} the matrices of the maps Jz^, Jz2 fake the following form: 


/o 

0 

-1 

0 \ 


/O 

0 

0 

-1\ 

0 

0 

0 

-1 

) Jz2 

0 

0 

1 

0 

1 

0 

0 

0 

0 

-1 

0 

0 

VO 

1 

0 

0^ 



0 

0 

0/ 


Maps Jzi permute the basis of R^ by the rule: 

Jz^Vi = ^3, JziV2 = V4, Jz-,V3 = -Vi, Jz^V4 = -V2, 

Jz2Vl = Va, Jz2V2 = -V3, Jz 2 V 3 = V2, Jz2Vi = -Vi- 

According to the equality ([ua, T/?], 2 : 1 ) 2 ,o = {JziVa,V/ 3 ) 4 .,o, we calculate the structural 
constants in [^ 0 ,^/ 3 ] = C^isZi + C‘^i 3 Z 2 as 


/ 0 

0 

1 

o\ 


( 0 

0 

0 

1\ 

0 

0 

0 

1 

, C2 = 

0 

0 

-1 

0 

-1 

0 

0 

0 

0 

1 

0 

0 

VO 

-1 

0 

0^ 



0 

0 

0/ 


We see that C* = —Jz- This also follows from the choice of the orthonormal basis 

Z'% 

by 

^ 0/3 ~ ([1I0W/3]) ^1)2,0 = {JZiVaiVj 3 ) Afl = = {JzJajS = ~{Jzi)a/ 3 - 


The pseudo 77- type Lie algebra Ui^. The Lie algebra is constructed from 
the Clifford algebra Cli^i, and therefore, the centre of Ui^ is isomorphic to R^’^ and 
the complement to the centre is isomorphic to R^’^ with the corresponding metric. 
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We start from the basis {zi, Z 2 } of the centre and two skew-symmetric maps 
Jz 2 € 50 ( 2 , 2 ), satisfying 

jZ\ Id]R2,2, J Id]R2,2, Jzi'Jz2 <-^^2'^■^l ' 

Choose the orthonormal basis in 


V\ Cl, V2 Jzi'^ll U3 '^22^15 ^4 Jz 2 Jz\'^l- 


The maps Jz^, Jz 2 take the form in the basis {ui, ^ 2 , Us; ^ 4 }- 


/o 

-1 

0 

o\ 

1 

0 

0 

0 

0 

0 

0 

1 

^0 

0 

-1 

0 / 


and they permnte the basis vectors as 


/O 0 1 0\ 

0 0 0 1 
1 0 0 0 ’ 
\o 1 0 oy 


Jz\'^l '^2i Jz\'^2 Ul) Jzi'^'i 1^4) Jz\'^A US) 

-^22^1 = ^3, Jz2V2 = P4, Jz2'V‘i = Tl, ^22^^4 = V2. 


We calculate the structural constants in [va^vp] = C^pZi + C‘^pZ 2 according to the 


rule ([ 77 „, 77 ^],Zi)i,i = 

i'JziV 

a; 

77/3)2,2 

as 







( ° 

1 

0 

o\ 


( ° 

0 

1 

o\ 

(23) = 

-1 

0 

0 

0 

0 

0 

0 

1 

, C2 = 

0 

-1 

0 

0 

0 

0 

1 

0 


^0 

0 

-1 

0^ 


^0 

-1 

0 

0/ 


We see that = — 772,2 and C"^ = 7 / 2,2 -/ 22 - They are also dehned by the choice of 
the orthonormal basis as 


= {[Vc,,Vp\,Zi)ip = {JziVa,Vp) 2,2 = -nah2,2-^2T/3 = “ (h2,2-^2 J a/3- 

Recall the notation flTT]) for i 2 i{p,q). 

The pseudo if- type Lie algebra no, 2 - This Lie algebra is related to the 
representation J: Clo ,2 —t End(M^’^). We start from an orthonormal basis {zi,Z 2 } 
of the centre isomorphic to and skew-symmetric maps Jz^, Jz 2 ^ 5o(2,2): 


P = V = 
•Jz2 


Jz\Jz2 


'Jz2Jzi- 


Choose the orthonormal basis for as 


V\ Ci, V2 Jz\Jz 2 '^li ^3 Jzi'^li 774 Jz 2 ^ 1 - 

The matrices of the maps Jz^, Jz 2 written in the basis { 771 , 772 , 713 , 774 } are: 



/o 

0 

1 

o\ 


/o 

0 

0 l\ 

Jz\ 

0 

0 

0 

1 

) Jz 2 

0 

0 

-1 0 

1 

0 

0 

0 

0 

-1 

0 0 


[0 

1 

0 

V 


V 

0 

0 0/ 

and the permutation rule 

is 







Jz^Vi = V3 

5 

JziV2 

= 

774) Jzi '^3 

= 

77l, 


Jz2Vi = V4 

5 

Jz2V2 

= 

- 773 , T 22773 

= 

-772, 

JZ 2 
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According to the relation ([fa, 2 : 4 ) 0,2 = {JziVaiVp) 2,2 we calculate the structure 

constants in [va^v^] = + (^^,^ 2:2 as 



( ° 

0 

1 

o\ 


/ 

0 

0 

0 

i\ 

= 

0 

0 

0 

1 

C2 = 


0 

0 

-1 

0 

-1 

0 

0 

0 


0 

1 

0 

0 



-1 

0 



V 

-1 

0 

0 

0/ 

We see that C* = 772 , 

iJzii 

or it 

can 

be 

found from 







Z/i(0,2)C'*^ = {[Va,Vp\,Zi)o^2 = -{Va,JziVfi)2,2 = -vlr]2,2JziV f} = “ (l? 2,2 )a/3- 

Since 1 / 4 ( 0 , 2 ) = —1 for z = 1, 2 , we obtain = rj 2 , 2 Jzi- 

It follows from above that the pseudo hf-type Lie algebras n 2 ,o and no ,2 coincide as 
Lie algebras. It can be interpreted as the following illustration to Theorem m The 
Lie algebra 1 x 2,0 is isomorphic to the standard metric Lie algebra ^ © C with 

C = span{C^,C^} C so(4) and with given by ([ 22 ]). This standard metric 

Lie algebra is the iL-type algebra because the skew-symmetric maps = —C^ and 
Jz 2 = —C^ satisfy the additional conditions Jf. = IdK 4 and JziJz 2 = —Jz 2 Jzi- Let us 
check if the Lie algebra n 2 ,o can be isomorphic to the standard Lie algebra generated 
by other choices of p + q = 4. 


Cases and R^’^. We calculate the matrices 




/ 0 0 1 0 \ 

0 0 0 -1 

-1000 ’ 
\ 0 -10 0 / 


— C2P3,1 


/ 0 0 0 -l\ 

0 0-10 
0 10 0 
\-l 00 0/ 


Since {D\ D^)so( 3 ,i) = tr(? 73 ,i(Zl*)*? 73 ,iZl-’) = 0, the subspace V = span D'^} C 
so(3, 1) is degenerate, and actually, the scalar product (., .)bo( 3 ,i) vanishes on V, and 
therefore, the Lie algebra 77 . 2,0 can not be realised as a standard pseudo-metric Lie 
algebra in R^’^ © V. Recall, that the index of the space so (3,1) with respect to the 
trace metric (., .)bo( 3 ,i) is (3, 3). The same calculations are valid for the case of R^’^, 
and we conclude that the Lie algebra 1 x 2,0 can be realised as the standard pseudo¬ 
metric Lie algebra neither as R^’^ © P, P C so(3, 1) nor as R^’^ © P, "D C so(l, 3). 


Case R^’^. In this case we use 772,2 and deduce the following matrices 


( ° 

0 

-1 

0 \ 


( 0 

0 

0 

-1\ 

0 

0 

0 

-1 


0 

0 

1 

0 

-1 

0 

0 

0 

, D = € 2 ^ 2,2 = 

0 

1 

0 

0 

VO 

-1 

0 

0^ 



0 

0 

0/ 


from the matrices in (|2^ . In this case {D^, 11 ^) 50 ( 2 , 2 ) = —4, (H^, il^)so( 2 , 2 ) = —4, and 
( 11 ^, 11 ^) 50 ( 2 , 2 ) = 0. The subspace V = span{Zl\Zl^} C so(2,2) is non-degenerate 
and has index (r, s) = (0,2). Therefore, the Lie algebra 1 x 2,0 can be realised as a 
standard metric Lie algebra R^’^ © H, H C so (2, 2), and it gives the pseudo iL-type 
Lie algebra no ,2 constructed above. The last statement is valid due to the relations 
Jzi IdiR 2,2 and JziJz 2 Jz 2 Jz\- 
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Now we turn to the Lie algebra Ui^i. The analogous calculations show that this 
Lie algebra can be realised in ©C with C = span {(7^, (7^} C so(4), where (7^, (7^ 
are from (l23l) . but this is not an iL-type Lie algebra (with a positive-dehnite scalar 
product), see Remark [H The Lie algebra can be realised neither in 5o(3,1) nor in 
so(l, 3), due to the degeneracy of the corresponding spaces V. In the case 5o(2, 2), 
the matrices 


( 0 

1 

0 

0 \ 


( 0 

0 

-1 

0 \ 

-1 

0 

0 

0 


0 

0 

0 

-1 

0 

0 

0 

-1 

, — ( 72 ^ 72,2 — 

-1 

0 

0 

0 

VO 

0 

1 

0 ^ 


^0 

-1 

0 

0 / 


satisfying ^^( 2 , 2 ) = 4, D‘^),o(^ 2 , 2 ) = -4, and D‘^),o(^ 2 , 2 ) = 0 span 

a two-dimensional non-degenerate space of index (r, s) = (1,1) in so(2,2). Recall, 
that the index of the space so(2, 2) is (2,4). The standard metric Lie algebra M^’^©D, 
V C so(2, 2), in this case is the pseudo if-type Lie algebra 

Finally, we observe that = < 7 ^ 172,2 = —V 2 , 2 i^^{^A)JzkV 2 , 2 - Thus, we also have 
that (-D^)* = —D^, (-D^)* = and V is closed under transposition. 

4. Isomorphism properties 

4.0.1. Isomorphism properties defined by skew-symmetric maps. Given a scalar prod¬ 
uct space (R, (., .)y) the space o(R) of skew-symmetric maps has a scalar product 
dehned by the trace. Let J: U ^ o{V, {■! ■)v) be an injective map, and let the space 
J{U) be a non-degenerate subspace in oiV, (•) ■)v)- Then, we can pull back the trace 
metric from o(R) to U. We write 

(24) {z,z')u,c = for any z,z'eU, 

and for any c 7 ^ 0. This scalar product has an index, which we denote by (r, s), 
and it depends on the choice of the map J: f/ —)■ o(R). The scalar product space 
u^c) is degenerate if J{U) is degenerate with respect to the trace metric. Let 
us assume that (U, (., ■)u,c) is a non-degenerate scalar product space, and let [., .]c 
be the 2-step nilpotent Lie algebra structure on 0 = R ©^ U dehned by the map 
J: U —o(R) by means of (ITTD . The spaces R and U are orthogonal with respect 
to the scalar product (• ) •)0 = (• ) ■)¥ + (• , ■)u,c- 

Definition 8. The Lie algebra 0 = (R ©j_ t/, [., .]c, (., .)g = (., ■)v + (• > ■)u,(^ de¬ 
scribed above is called the standard pseudo-metric 2-step nilpotent Lie algebra in¬ 
duced by the map J: U ^ o(R, (., .)y). 

Diagonalising the matrix of the scalar product (., .)y, we get the matrix r] = 
diag(/p, —Iq) dehning the canonical scalar product (u, v)p^q = Y7i=i 
for M = («!,..., Urn), V = {vi,, Vm), m = p + Q, and the matrix of the skew- 
symmetric map Jz will satisfy the condition Pp^q-Llpp^q = —Jz- Since the trace does 
not depend on the choice of coordinates we get a symmetric bilinear form dehning 
a scalar product on U, which also can be written as {z, z')u,c = c‘^iT^{Vp,qJlVp,qJz') = 
-cHr{JzJz>)- 
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Lemma 4. In the notations above, if the scalar product {z,z')u^c is non-degenerate, 
then the standard pseudo-metric Lie algebra 0 induced by J has no abelian factor. 
If two scalar products (., .)y and (., .)y on V have egual indices, and the sets of 
spacelike (timelike and null) vectors are the same, then the commutator [., .]c does 
not depend on the choice of the scalar product (•) - Yv onV, i = 1, 2. 

Proof. If the scalar product {z,z')u,c is non-degenerate and the map J: U ^ 
is injective, then the Lie algebra structure (0, [., .]c) is unique up to an isomorphism 
and 0 has the trivial abelian factor by Lemma [H and Corollary [3l □ 

Lemma 5. Let (V, (•) Yv) be a scalar product space, let Ui, U2 be two finite dimen¬ 
sional vector spaces, and let Ji: Ui ^ o(y, , .)v), J 2 - U 2 ^ o(l/, {■, ■)v) be two in¬ 
jective skew-symmetric linear maps such that = 72 ( 1 ^ 2 ) = W C o(l/, (., .)y). 

Let 01 = iy (BUi, [., .]i) and 02 = {V®U 2 , [•, •] 2 ) be two pseudo-metric Lie algebras 
induced by the maps Ji and J 2 . Then 0i and 02 are isomorphic as Lie algebras. 


Proof. It suffices to construct an isomorphism between the Lie algebras 0i and 02 
only for the case, when Ji{Ui) = IL = f /2 and J2 = l: W ^ o(l/, (., .)y) is the 
inclusion map. 

We define scalar products on Ui and U2 by 

(C,CVi = -tr(Ji(C)^i(C')), C,C'et/i, 

{z, z')u2 = -tT{j2{z)J2{z')) = -tr{zz'), z,z' e Lf2 = W c 0 ( 1 /, (. , .)y). 
Denote by [., .]i, [., .]2 the commutators constructed by means of these scalar prod¬ 
ucts, respectively. Define the map (p: D©f/i—)-D 0 f /2 = D©lDby 


P 


Idy on V, 

Ji on Lfi. 


Then we need to show that ip{\v,wY) = [p(,v),ip{w)Y. Let v,w E V, z E W he 
arbitrarily chosen, and let Co ^ Ui be the unique element such that Ti(Co) = ^ = 
J 2 {z). Then, 

{ip{[v,wY),z)u2 = (Ji([u,'«;]^), Ji(Co))u2 =-tr(Ji([u,'«;]^)Ji(Co)) 

= {[v, w]\ Co)i/i = (^i(Co)^^, w)v 

= {J 2 {z)v, w)v = {[v, wf, z)u 2 = z)u 2 . 


because (p = Idy. This finishes the proof because the scalar product is non¬ 
degenerate. □ 


4.1. Action of GL(m) and gl(m) on the Lie algebra so(p, g), p + q = m. If we 
have two scalar product spaces {U, (., .)u) and (V, (., .)y) and an operator A acts as 
A\ U —)■ D, we say that the formula {AAx,y)u = {x,Ay)v defines the transpose 
to A with respect to the scalar products (.,.)[/ and (•, Yv - We call attention of the 
reader that the notation A* is used for the transpose matrix A. 

Let rjp^q = diag(Jp, —Iq), and let A E GL(m). Define the action p of A on so(p, q) 
by 

Z p{A)Z = AZA^^''>, where = pp^qA^pp^q, ZE5o{p,q). 
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Indeed, if = —Z, then [AZ = AZ^P’"^A^P’^ = —AZA^P’^. We remind 
that the operation A^P’^^ gives us the transpose matrix to A with respect to the scalar 
product (., .)p^q. The action p is a left action on so(p, q). The map p{A) is invertible 
and its inverse is given by = p{A~^) which shows that p{A) G Aut(so(p, q)). 

Thus, the map 

p\ GL(m) —Aut( 5 o(p, g)) 
dehnes a group homomorphism. 

The differential dp of the map p is the Lie algebra homomorphism 

dp: Ql{m) —)■ End(so(p, g)) 

dehned hy A ^ dp{A)Z = AZ + ZAPP'"^, with A G 0 l(m), Z G so(p, g). Let us 
prove some properties of the maps p and dp. 

Lemma 6 . Let A G GL(m) and A G Qi{m) be arbitrary elements. Then 

('ocr'i {piA}Z, Z )so(p,q) = {Z, p{A'^P’‘^)Z )go(^p^qp 

^ ^ {dp{A)Z,Z'),,^p,q^ = {ZAp{A^^-)Z'),oM 

for any Z, Z' G so(p, g). We can reformulate fl2SD as 

= p{A’'-<), {dp{A)f = dpiA”-’), 

where the superscript T stands for the transpose map with respect to the scalar 
product {., .)so{p,q)- 

Proof. We calculate 

(p(A)Z,Z'),o(p,,) = -A{AZA^p-Z') = -ii{ZA^p-ZA) = (Z, 

by the property of the trace of the product. The other equality is obtained similarly. 

□ 

Lemma 7. All 2-step nilpotent free algebras F 2 {p,q) withp + q = m are isomorphic. 

Proof. To prove Lemma [7] we show that any 2-step nilpotent Lie algebra F 2 {p,q) = 
0 so{p,q) with p 0 g = m is isomorphic to F 2 {m) = 0 so(m). Recall 

the dehnition of the Lie bracket from Example 1 and formula fl2Up . Let Vij = 
— — Eji), i < j = 1,..., m, be a standard basis of the group so{m). Here Eij 

is (m X m)-matrix having 1 at the position (ij) and 0 everywhere else. Then the 
matrices (fij = — Eji)pp^q, i < j = 1,... ,m, form a basis of the space so(p, g). 

We dehne the isomorphism /: so(m) —)■ so(p, g) by fivjf) = cfji. Then we extend 
this isomorphism to the isomorphism 02 (lu) —t F 2 {p,q) by 

Cfc I—)■ Cfc, Vij I—)■ (fij, for 0 < A; < m, 0 < z < j < m = p 0 g. 

It follows that 

f{[vjk, e* 0 Vir]) = 0 = [(pjk, Ci 0 (fir] = [f{Vjk), f {Ci 0 Vir)], 

/([ci , Cj]) = f{vij) = (fij = ~ 2 ^Zij — Eji)Ppq — [cj, Cj] — [/(Cj), /(Cj)]. 

Hence / is a Lie algebra isomorphism. 
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At the end of the proof we observe that the orthogonal basis of F 2 {m) is mapped to 
the orthogonal basis of F 2 (p, g), p + g = m under the isomorphism /. The equalities 


show that the basis Vij — ^{Eij—Eji) is orthonormal with respect to the trace metric, 
and the basis — Eji)rjp^q of the space so(p, g) satisfies the relations 


where 


((0p')) so{p,q) 



if i<j<p or i>p 
if j > p and i < p. 


□ 


Lemma [7] allows us to reformulate some results proved in [TTl [TSl [16] for the 
2-step free Lie algebras E 2 {p,q). Let us denote by Aut(F 2 (p, g)) the group of auto¬ 
morphisms of E 2 {p,q). 

Lemma 8 . Eor any cf) e Aut(F 2 (p, g)), there exists a unique element A G GL(m), 
m = p + q and S G Hom(RP’^, 5 o(p, g)), such that 

a) = Ax + S{x) for all x G 

b) (f lz) = AZA^P’‘> for all Z G so{p, q). 

Conversely, given (A, S) G GL(m) x Hom(M^’'?, so(p, q)), m = p+q, there is a unique 
automorphism cf G Aut(F 2 (p, g)) that satisfies a) and h). 

Proof. An analog of Lemma [ 8 ] for the free group E 2 {m) was proved in |T 6 |. Let 
/ be an isomorphism between ^ 2 ( 7 / 1 ) and E 2 {p,q), m = p + q, which exists by 
Lemma [71 Then, for any ip G Aut(F 2 (m)) the superposition (f = f o ip o f~^ is an 
automorphism of E 2 {p,q). Thus, for every automorphism 0 G Aut(T 2 (p, g)), there 
exists a unique p G Aut(F 2 (m)), m = p + q, with (f = f o p o /“^, and moreover, 
a unique A G GL(m), S' G Hom(M™',so(m)), such that the properties a) and b) 
are satisfied with f o S' = S E Hom(M^’'?,so(p, g)). The converse statement follows 
easily. □ 

Let 0 be a 2-step nilpotent Lie algebra with dim([g, 0 ]) = n, with m-dimensional 
complement V, and with the adapted basis {tci,... , Wm, Zi ,... , see Section[2]H 
If [wi,Wj] = then we call the space C = span {G\ ..., G”} C so(m) 

the structure space and the spaces Vp q = span ,j,... ,C''pp^q} C so{p,q) are 
called the structure rjp^q-spaces. In the following propositions, we aim at showing 
that the structure rjp q-spaces of the 2-step nilpotent Lie algebra g are orbits in the 
Grassmann manifold. 

Proposition 4. Let {tci,... , Wm, Zi ,... , Zn} and {t&i,... , Wm, Zi ,... , Zn} be two 
adapted bases of a 2-step nilpotent Lie algebra g with corresponding structure rjp^q- 
spaces Vp^q = span {C^pp^g ,... , C^pp^q} and Vp^q = span {C^pp^g ,... , C^pp^g}. Let 
A G GL(m), m = p-\- q be such that A = Then AVp^qA^P'‘> = Vp,g. 
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Proof. The statement follows from the dehnition of the action of GL(m) on 5 o{p, q). 

□ 


Proposition 5 . Let d he an integer with 1 < d < dim(so(p, g)). Let Wi,W2 C 
5 o{p,q) be two d-dimensional non-degenerate with respect to (•,-)so(pq) subspaces. 
Then, the following statements are equivalent: 

1 ) The Lie algebra F2{p,q)/Wi is isomorphic to F2{p,q)/W2; 

2 ) There exists an element A G GL(m), m = p + q such that = W2; 

3 ) The Lie algebra F2{p,q)/Wf- is isomorphic to F2{p,q)/W2 . 


Proof. First we show that the statements 1 ) and 2 ) are equivalent. Recall that for 
any pair (p, q) with p+q = m and Wi, W2 C so(p, q) we have WiPp^q, W2Pp,q G so(m). 
The Lie algebras F2{m)/{WiPp^g) and F2{m)/{W2Pp^q) are shown to be isomor¬ 
phic [IB], if and only if, there exists A G GL(m), such that AWiPp^qA^ = W2rip^q. The 
last equality can be written as AWiA^^’’^ = W2. Let / be an isomorphism between 
F2M and F2{p,q). Hence, Wi = fiWiPpJ and F2{p,q)/Wi = f{F2{m)/{WiPp^q)) 
for z = 1 , 2 . This implies that F2{m)/(WiPp^q) and F2{m)/(W2Pp,q) are isomorphic, 
if and only if, F2{p,q)/Wi is isomorphic to F2{p, q)/W2. 

Now we show that the statements 1 ) and 3 ) are equivalent. The arguments 
above illustrates that F2{p,q)/Wi is isomorphic to F2{p,q)/W2, if and only if, 
F2{m)/(WiPp^q) is isomorphic to F2{m)/(W2Pp,q). This is equivalent to the state¬ 
ment that F2{m)/{Wirjp^q)^ is isomorphic to F2{m)/{W2Pp,q)^ by [TB]. Dehne the 
map f*: F2M F2{p,q) by 


Ci I-)- 



for 1 < z < p, 

for p -|- 1 < z < p -|- g. 





Eji)rip^q. 


Then F2{m)/{Wirjp^q)^ is isomorphic to the quotient F2{m)/{W2Pp,q)^, if and only 
if, F2{p,q)/r]p^q{WiPp^q)-^ is isomorphic to F2{p, q)/pp,q{W2Pp,q)-^. 

It only remains to prove that Wi, z = 1 , 2 , is orthogonal to Pp,qiWiPp^q)^ with 
respect to the metric (.,. )so{pq)- For any w E Wi and any v G (WiPp^q)^ it follows 
that 


{w^VpW),oip,q) = = {wPp,qW),o{^) = 0, 

as wpp^q G WiPp^q and v G (WiPp^q)-^. Since dim{pp^q{WiPp^q)-^) = dim(so(p, g)) - 
dim(hG) and Wi non-degenerate, it follows that Pp,qiWiPp^q)^ = Wf-. □ 

Proposition 6. Let wi ,... , Wm, Zi,... , Zn be an adapted basis for a 2-step nilpo- 
tent Lie algebra g with the structure space C = span {C ^,... , G""} C so(m). 

Let p: F 2 {p,q) ^ g, p + q = m, be a unique Lie algebra homomorphism defined 
by p{ei) = Wi for i = 1, ... ,m. Then p is surjective and if Cpp^q C so(p, g) is non¬ 
degenerate, then ker(p) is the orthogonal complement (Cpp^q)^ to Cpp^q in so(p, g) 
with respect to ,^p^qy 

Proof. It is known that the Lie algebra homomorphism pi : F 2 {m) —g with pi(ei) = 
Wi for z = 1,... ,m is surjective and ker(pi) is the orthogonal complement to C in 
so(m) with respect to (.,. )ggi^rn)i see for instance [16]. Then, we dehne the surjective 
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linear map p = Pi o F 2 {p,q) —?• 0 with f* to be the isomorphism between 

F 2 {m) and F 2 {p,q) from the proof of Proposition [5l Proposition [5] also shows that 
if Cpp^g is non-degenerate in 5o{p,q), then {Cpp^g)^ = Pp^g{C^). Since 

{n~\{CVp,q)^) = {n~\Vp,q{<^^)) = vlqC^ = = ker(pi), 

it follows that ker(p) = (Cpp^g)^. □ 

Corollary 4. Let Wi and W 2 be non-degenerate d-dimensional subspaces ofso{p, q), 
and let Qi = © Wi and Q 2 = © W 2 be the corresponding standard pseudo¬ 

metric 2-step nilpotent Lie algebras, then the following statements are equivalent. 

• The Lie algebra Qi is isomorphic to ^ 2 - 

• There exists A e GL(m), such that AWiA'^P'‘> = W 2 , p + q = m. 

Proof. The Lie algebras Qi are isomorphic to F 2 {p, q)/Wf- for i = 1,2 by Proposi¬ 
tion O The statement of the corollary follows now by using Proposition O □ 

Assume that g is a 2-step nilpotent Lie algebra with a 1-dimensional commutator 
ideal [ 0 , 0 ], and assume that there exist positive integers p,q and a non-degenerate 
one-dimensional subspace W in so(p, q), such that g is isomorphic to © W with 
m = p + q>2. Let us dehne the set Ap^g = {Z G so(p, q)\ rank Z is maximal}. 

Corollary 5. The group 0{m) acts transitively by Pp^g-conjugation on Ap^g, where 
m = p + q. 

Proof. We dehne the set Am = {Z G 5o(m)| rank Z is maximal} which is Zariski 
open in so(m). The group 0{m) acts transitively on it by conjugation, see [T6] . 
Notice that AmPp,q = Ap^q. For every Z,Y E Am there exists an A G 0(m), such 
that Z = AYA-^ = AYA\ Then, 

Zpp,q = AYp^gA-\^g = AYp^gA^g = AYpp^gA^^’'^ 

with Zpp^g,Ypp^g G Ap^q. This hnishes the proof. □ 

5. Lie triple system as a rational subspace 

5.1. Lie triple systems. In the present section we collect some useful facts about 
the Lie triple system of an arbitrary Lie algebra g. A reader familiar with this notion 
can skip this section. 

Definition 9. A subspace W of q is called a Lie triple system if [W, [W, W]] C W. 

Dehne the centre 3 (kF) of IF by 

(26) 3(kF) = {a G IF I [a, 6] = 0 for all b G IF}. 

We say that 3(IF) is compact if exp(3(IF)) is a compact subgroup of the group G 
corresponding to the Lie algebra g. 

Proposition 7. The set exp(3(IF)) is a connected abelian subgroup of the Lie group 
corresponding to the Lie algebra g. 

Proof. We observe that the centre 3(IF) of the Lie triple system IF is commutative 
and the standard arguments hnish the proof. □ 
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Proposition 8. Let (g, [.,.]) be a Lie algebra, and let W be its Lie triple system. 
Then, [ly, tP] and W + [IP, iP] are subalgebras of g. 

Proof. To show that [W, hh] is a subalgebra, we need to check 

[[IT, IT], [IT, IT]] C [IT, IT], 

Let wi,W2,w[,W2 G W, then with the notation [w'lywfl = u, we get 

[[wi,W2],[w[,W 2]] = [[wi,W2\,u] = -[[w2,u],Wi] - [[u,Wi],W2] G [W,W], 

by the Jacobi identity, because \w2, u], \u, tail G hh by the dehnition of the Lie triple 
system, [hh, [hh, IT]] C W. 

To prove the second statement we choose arbitrary a, b, c,x,y,z E W and write 

[a +[h,c],x+ [y, z]] = [a, x] + [a, [y, z]] + [[6, c],x] + [[b, c], [y, 2 ;]] G IT + [hL, IT] 

by the hrst statement and by the dehnition of the Lie triple system. □ 

Remark 2. Let us denote the sets in Proposition\E by p = W, t = [JT, hh], and 
C. = W P [iy,iy]. Then Proposition\E implies that the Lie algebra C admits the 
decomposition £ = t + p with the Cartan pair t, p satisfying the following properties 

(27) [t,t]Ct, [t,p]Cp, [p,p]Ct. 

Note that if a Lie algebra i) admits a direct sum decomposition t) = t © p satisfy¬ 
ing (1271), then there is an involution 6^: 1) —)■ f) (6*^ = Idi,) possessing the following 
properties 

tel) is such that 6{t) = t, V t G t, 
p C f) is such that 6{p) = —p, V p G p. 

Given a Lie algebra (g, [.,.]), we denote by ad„: g —)■ g the linear map dehned by 
adt,(n) = [v,u]. The map ad: g —?• End(g) is a Lie algebra homomorphism, named 
the adjoint representation of the Lie algebra g. The kernel of the adjoint map ad is 
the centre of the Lie algebra. 

Definition 10. Let g be a Lie algebra. A scalar product (.,.) on g is called ad- 
invariant if 

(28) {eidy{u),w) = —{u,a.dv{w)). 

Equivalently, it can be stated that the map ad^,: g —)■ g is skew-symmetric with 
respect to the scalar product (.,.). 

Proposition 9. Let (g, [.,.]) be a Lie algebra, let W its Lie triple system, and 
denote C = W P [W, W]. Let 3(71^) be the centre of W, see fl26|l . and let (., .)c an 
ad-invariant inner product on C. Then the following statements hold. 

1. Denote by 3(£) the centre of C. Then the Lie algebra C is decomposed into 
the direct sum of two ideals C = 3(£) ®x [£, £], where the decomposition is 
orthogonal with respect to {■, ■)c- 

2. 3(iy) C3(£). 

3. The centre 3([£,£]) 0 /[£, £] is trivial. 

4. //3(£) ^0, then^{W)^0. 
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5. If5{w) = 0, then C = [£,£]. 

Proof. Proof of 1. Let 3('C) be the centre of the algebra C. We will show that 
(29) 3{C) = [C,C]^ 

with respect to the inner prodnct (., .)n- Let z G [£,£]■'■ and let u,v G £ be 
arbitrarily chosen. Then, 

{[u,z],v)c = -(z, [u,v])c = 0, 

because the inner product is ad-invariant. It shows that [u, z] = 0, and therefore, 
G 3(£), which implies that 3(£) Ti [£, £]■*“. Reversing the arguments we show the 
inverse inclusion, and conclude that £ = 3(£) ©± [£, £] by fl29l) . 

Proof of 2. Choose arbitrarily G 3(hP) and u,v,w G W. Then we obtain 
[z,u + [n,w]] = [z,u] — [w, [z^v]] — [v, [w,z\] = 0 by the Jacobi identity. Thus, 

;^g3(£). 

Proof of 3. Let 2; G 3([£, £])• Then for any u G £ and a G [£, £], we have 

0 = {u, [z,a])c = {z, [u,a])c- 

Therefore, z G [£,£]-'- = 3(£), and simultaneously, z G 3([£,£]) C We 

conclude that 2 ; = 0 by item 1. 

Proof of 4. Let 2; G 3(£) and z ^ 0. Then 

irx] C £ ([£,£] is a proper subset of £ by item 1.) 

Since [£, £] = [IT, IT] + [IT, [IT, IT]], we conclude that 

[IT, [IT, IT]] C IT ([IT, [IT, IT]] is a proper subset of IT). 

Let [IT, [IT, fT]]-*- be the orthogonal complement to [IT, [IT, IT]] in £ with respect to 
(., .)c. Then, A = lTn[lT, [IT, IT]]^ + 0. We claim that A C 3(fT). Pick arbitrarily 
a,b,ceW and y E A, y 0. Then, [c, [a, b]] C [IT, [IT, IT]], and therefore, 

0 = {y, [c, [a, b]])c = {[y, c], [a, b])c [y, IT] C [IT, IT]^. 

On the other hand, [y, IT] C [IT, IT], which implies [y, IT] = 0 and thus y G 3(1T). 
We conclude that 3(IT) ^ 0. 

Proof of 5. If 3(1T) = 0, then we conclude that 3(£) = 0 by item 4, and 
£ = [£, £] by item 1. □ 

Next step is the study of irreducible Lie triple systems in g. We recall some 
dehnitions and properties. 

Definition 11. The Killing form on a Lie algebra g is the map Rg: g x g —)■ R 
defined by 


Bg{u, v) := tr(ad„ o ad^). 
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The kernel of the Killing form on a Lie algebra g is dehned as 

ker(i?g) = {x G 0 I B^{x,u) = for all m G g}. 

Notice that the kernel of a Killing form is always an ideal of g due to the adjoint 
invariance of the Killing form. Indeed if a; G ker(i?g), then for any u,v E Q 

B^{[x, v],u)= B^{x, [n, m]) = 0 ^ [ker(5g), g] C ker(5g). 

According to the Cartan criterion, a Lie algebra g is semisimple if and only if the 
Killing form Bg is non-denenerate on g, or equivalently the kernel ker(i?g) is trivial. 
In particular, since the Lie algebra so(p, g) is simple, the Killing form Bso{p,q) is 
non-degenerate. 

Definition 12. Let g be a Lie algebra. A Lie triple system W of g is ealled irre¬ 
ducible if there are no Lie triple systems Wi and W 2 of g such that 

w = WieW 2 , [iki,ik 2 ] = { 0 }. 

Proposition 10. Let W be a non-abelian Lie triple system of g, let 3(hL) be its 
centre, let C = W [W, W], and let (., .)c be an ad-invariant inner product on C. 
Then the following properties hold. 

1. If 3(hL) 7 ^ 0, and if Wi = is its orthogonal complement in W 

with respect to (., .)c, then Wi is a non-abelian Lie triple system and W = 

3W ©± 

2. There are non-abelian irreducible Lie triple systems Wj with \Wi, Wf = {0}, 
i^ 3 , such that IK = 3(IK) © ( IK,). 

3. If C = W + [IK, IK] and IK n [IK, IK] ^ {0}, then IK %s reducible, and 
IK = IKi ©X W 2 , [IKi,IK 2 ] = {0}, where IKi = IK n [IK, IK], IK 2 is the 
orthogonal complement ofWi in W with respect to (., .)c- 

If moreover, W is an irreducible non-abelian Lie triple system of g, then 

4. £ = IK = [IK, IK] or IK n [IK, IK] = {0}, and C = W ® [IK, IK]; furthermore, 
the Lie algebra C has trivial centre. 

5. //£ = IK © [IK, IK], then Bc{W, [IK, IK]) = 0. Thus, the decomposition into 
the direct sum is orthogonal with respect to the Killing form Bp. 

Proof. Proof of 1. Let a,b,cE Wi and G 3(hL) be arbitrary elements. Then 

(K [b, c]], ;^)^ = -([a,;.], [b, c])^ = 0 ^ [IKi, [IKi, IKi]] C 3(W")^ = W,, 

and we conclude that IKi is a Lie triple system. 

Proof of 2. Since IK is non-abelian, it follows that 3(hL) 7 ^ W, and we can 
write IK = 3(hL) ©hPi, where IKi is the orthogonal complement of 3(hL) in hP with 
respect to (.,.)/;. The set 3(hP) is obviously a Lie triple system. The set IKi is also 
a Lie triple system by arguing as in the proof of item 1. 

If IKi is irreducible, then we hnish the proof. Otherwise, we write IKi = 
where IK,- are non-abelian irreducible Lie triple systems such that [IK, IK,] = 0, 
i ^ j, that hnishes the proof of item 2 . 
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Proof of 3. We need to prove that Wi and W 2 are Lie triple systems of g such 
that [Wi, W 2 ] = 0. 

Claim 1: Wi is an ideal of C. Let a,b,c G W and x G Wi = W H [W, W] be 
arbitrary. Then [a + [ 6 , c],a;] = [a,x\ + [[ 6 , c],x], and [a,x\ G IT fl [IT, IT], since 
X G IT n [IT, IT], Thus, [a, ITi] C ITi. Analogously, [[ 6 , c], x] G [[IT, IT], IT] C IT by 
X G IT and [[ 6 ,c],x] G [[IT, IT], [IT, IT]] C [IT, IT] since x G [IT, IT], and therefore, 
[[b, c], ITi] C ITi. This shows that [£, ITi] C ITi. 

Claim 2: ITi and W 2 are eid[w,w] invariant. In particular. Claim 1 implies that 
[[IT, IT], ITi] C ITi, i.e. ITi is ad[iy,iy]-invariant. To show the same for IT 2 we take 
an arbitrary x G IT and write v = Vi + V 2 , where Vi G ITi, V 2 G IT 2 . Then 

IT D &d[w,w]{v) = &d[w,w]{vi) + a.d^w,w]{v2)■ 

Because of C ITi, we conclude that ad[vi/,m]('i^ 2 ) C IT 2 for any V 2 G IT 2 . 

Claim 3: PTi and IT 2 are Lie triple systems. Note that [lTi,lTi] C [IT, IT], since 
Wi = IT n [PT, IT] and [IT 2 , W 2 ] C [PT, PT] by PT 2 C PT. Then 

[[PTi, PTi], PTi] C [[PL, PT], PTi] C PLi 

because PTi is ad[w,w] invariant. The same reasons work for PT 2 . 

Claim 4: [PTi, PT 2 ] = 0. Notice 

([PT,PT],[PTi,PT 2 ])x = ([[PT,PT],PTi],PT 2 )x = 0 by PTi = PT^^. 

'-V-^ 

cWi 

Thus, [PTi,PT 2 ] C [PT, PT]-*-, and on the other hand [PTi,PT 2 ] C [PT, PT], since both 
PTi, PT 2 are subsets of PT. We conclude that [PTi, PT 2 ] = 0. 

Proof of 4. Let PTi = PT n [PT, PT], and let PT 2 be the orthogonal complement 
to PTi in PT with respect to the inner product (., .)c- Then the consideration is 
reduced to two cases 

(a) PTi = 0 or (6) PTi ^ 0 . 

In the case (a), we get £ = PT © [PT, PT]. In the case ( 6 ) we obtain PT = PTi ©_l PT 2 , 
and by the assumption of the irreducibility we conclude that PT 2 = {0}. Thus, 

PLi = PL ^ PL = PTi = PL n [PT, PL] C [PL, PL]. 

By taking adw of both sides of the latter equality, we obtain [PT, PT] C [PL, [PT, PT]] C 
PT. So we conclude that PT = [PT, PT] = £. 

Let us show that the centre 3(£) is trivial. If 3(£) 7 ^ 0, then 3(PT) 7 ^ 0 by item 4 
of Proposition [9l If 3(PT) 7 ^ 0 , then PT is reducible by the proofs of item 1 and 2 of 
Proposition [TUI Thus, the centre 3(£) is trivial. 

Proof of 5. Let £ = PT© [PT, PT] and let x G PT, 1/ G [PT, PT] arbitrarily chosen. 
Then 

ad,ad,([PT, PT]) C ad,([PT, [PT, PL]]) C ad,(PT) C [[PT, PT], PT] C PT 

and 

adyad,,(PT) C adj,([PT, PT]) C [[PT, PT], [PT, PT]] = [PT, PT]. 
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Thus, the operator adj^ad^, acts on £ = hh © [W, W] by interchanging the spaces W 
and [hh, IT] in the direct sum W®[W, hh], i.e., ®[W, IT]) = [iT, IT] © IT, 

and therefore, 

0 = tr(ad,ad,,) = Bc{x, y) Bc{W, [IT, IT]) = 0. 

□ 

Proposition 11 . Let W be a Lie triple system of g, let 3(fT) be the centre ofW, 
and let C = W + [IT, IT]. Then for any ad-invariant inner product (., .)c we have 

1) 3(fT) = 3(£), £ = 3(fT) © [£,£], and the direct sum is orthogonal with 
respect to 

2) Let Wi denote the orthogonal complement to 3(fT) in W with respect to the 
inner product (., .)c. Then Wi is a Lie triple system of g and the ideal [£, £] 
of C can be written as [£, £] = ITi + [ITi, ITi]. 

Proof. Proof of 1. If IT is abelian, then it is nothing to prove. Let IT be a 
non-abelian Lie triple system of g. Then we can write 

N 

i=i 

where ITj are irreducible Lie triple systems such that [IT, IT,] = 0, z 7 ^ j, by 
item 2 of Proposition HOl We denote by Cj = Wj + [Wj, Wf, j = 1,..., iV, Lie 
subalgebras of g. The algebras Cj have trivial centres by item 4 of Proposition [TUI 
Moreover, [£j, Cj] = 0 for z 7 ^ j by the Jacobi identity and by [IT, IT,] = 0. Thus, 
£ = W + [IT, W] = 3(IL) © (0f=i£j). The Lie algebra £0 = ®f=iCj has a 
trivial centre 3(£o) because each of the Lie algebras Cj has a trivial centre, and 
they mutually commute. Since we have 3(IT) C 3(£) by item 2 of Proposition [U1 
we conclude that 3(IT) = 3(£)- Indeed, if we assume that there is a; G 3(£) and 
X ^ 3(IT), then a; G £0 due to the decomposition £ = 3(IT) © Cq. But then 
[a:, z/] = 0 for any y E C, and in particular, [a:, yf\ = 0 for any z/o G £0 C £. It follows 
that X G 3(£o) and since 3(£o) = {0}, we conclude that x = 0. 

Now we show that the decomposition £ = 3(IT)©[£, £] is orthogonal with respect 
to the inner product (.,.)/;. From 

£ = 3(IT) © £0 = 3(£) © £0 

we deduce that [£, £] = [£o, £ 0 ] = £o) because the Lie algebra £0 has a trivial 
centre. It is also clear that £0 = [£, £] is an ideal of £. Thus, the decomposition 
£ = 3(IT) © [£, £] will be orthogonal with respect to any ad-invariant inner product 
by item 1 of Proposition jUJ 

Proof 2. If 3(IT) = 0, then there is nothing to prove. If 3(IT) 7 ^ 0, then 
the orthogonal complement ITi to 3(IT) in IT with respect to the inner product 
is a Lie triple system by item 1 of Proposition [TOl We only need to show that 
£0 = [£, c] = Wi® [ITi, ITi]. Denote £* = ITi + [ITi, Wi]. Since IT = 3(IT) © ITi, 
we have 


£ = W + [IF, IT] = 3(IF) + ITi + [ITi, ITi] = 3(IF) + 
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Claim 1 : £ = 3{W) ©j_ Cq. Since = 0, we obtain 

0{w), [1^1, = (bbi, [Wi,^{w)])c = 0. 

Together with (3(hh), Wi)c the latter equalities imply claim 1. 

Claim 2: [3(1T), £o] = 0- This follows from the equality [3(hh), Wi] = 0 and from 
the Jacobi identity. 

Now the chain of inclusions 

£„ = |c,£| = [(3W + c;),(3(W') + c;)| = lc;,cac£j ^ 

follows from item 1 of Proposition [TTl from claim 2 , and from the fact that Cq is 
a Lie algebra constructed from a Lie triple system, see Proposition [HI Finally, we 
conclude that 

3(hF) ®^Cq = C = 3(1T) ©± Co C 3(fF) ©X Cq 

by making use of claim 1 . This implies Cq = Cq, which hnishes the proof. □ 

Definition 13. We say that a Lie algebra g is reductive if for each ideal a in 0 , 
there is an ideal b in g with g = a © b. 

Let us recall the following statement: a Lie algebra g is semisimple, if and only 
if; 0 = cq © ... © cij where are ideals, each of which is a simple Lie algebra. In 
this case the decomposition is unigue, and the only ideals of 0 are the sum of various 
Uj, see [23 Theorem 1.54]. So if a Lie algebra 0 is a direct sum of a semisimple Lie 
algebra and an abelian Lie algebra, then g is reductive. The following proposition 
shows that there are no other reductive Lie algebras. 

Proposition 12. [271 Corollary 1.56] If g is reductive, then 0 = a© [ 0 , 0 ] with [g, g] 
semisimple and a abelian. 

An important example of reductive Lie algebras is given in the following state¬ 
ment. 

Proposition 13. [23 Proposition 1.59] Let g be a real Lie algebra of matrices over 
M, C or H, which is closed under the operation of conjugate transpose, then g is 
reductive. 

Corollary 6 . If W is a Lie triple system of 5o{m), then the Lie algebra C = 
W + [W, W] is reductive. 

Proof. Since C = —C for any C G so(m), we conclude that C ^ C implies C* = 
—C G C, and therefore, the Lie algebra C is reductive. □ 

5.2. Lie triple system of so{p,q) and representations of Clifford algebras. 

We start from an example of the Lie triple system of so(/,/) related to the rep¬ 
resentation of Clifford algebras Ch^s- Let us recall Example HI where the sub¬ 
space W = C so(/,/) was dehned by the Clifford algebra representation 

J: CC^s —End(M*’^). The case s = 0 was studied in [T5] . 

Proposition 14. The space W is a Lie triple system of so{l, 1) with a trivial centre. 
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Proof. First we show that the vector space hF is a Lie triple system. For any 
Xi,X 2 ,X 3 G W, with Xj = Kj e IR, where {Zi,... , Zr+s} is an 

orthonormal basis of M’’’®, it follows that 

r+s 

(30) [Xi, [X 2 , X 3 ]] = ^ ^lj^2k^3l[JZj,[Jz^, Jzi]]- 

j,k,l=l 

If we prove that [Jz-, [Jz^y Jzi]] £ W for all j, k,l E {I,... , r + s}, then it will follow 
that [Xi,[X 2 ,X 3 ]] G W. We recall that JzjJz^ = —Jz^Jzj for all j 7 ^ k. If all 
indices j, k, I are different, then 


[Jzj, [Jzki JziW = [Jzj, JzkJzi] - [Jzj, JziJzk] = JzjJzkJzi - JzkJziJzj 

- JzjJziJzk +JziJzkJzj = ^ 

If j = k, then [J^., [J^., J^J] = -4:{Zj, Zf)r,sJzi e IF. If A; = / or j = A; = /, then 
[Jzj, [Jzki Jz^ = 0 G IF. So we concinde that IF = J(W’^) is a Lie triple system. 

Let ns show that the centre of IF dehned by fl26D is trivial. For any Z, Z' G M'"’® 
we obtain 


[<^z, Jz'\ 


JzJz' — Jz'Jz — 


‘^JzJz’ 

—2JziJz + {Z., X)r,sldy, 


if (Z, X),,, = 0 , 
if (X 


Let ns assnme that the centre 3(IF) is non-trivial and that there is Z G Z 7 ^ 0, 
snch that [J^, J^/] = 0 for all Z' G R’’’^. There are two possible cases (Z, Z)r^s 7 ^ 0, 
and (Z, Z)j,,s = 0 . 

Case {Z^Z)t^s 7 ^ 0. Then J| = —(Z, Z)r,sldy implies that Jz is invertible. The 
orthogonal complement to span{Z} is a non-degenerate scalar prodnct space, and 
there is Z' G (span {Z})-*", such that (Z', Z')r,s 7 ^ 0. Then Jz' is also invertible and 
so is JzJzE fhat yields JzJz' 7 ^ 0. It follows that [Jz, Jz'] = 2JzJz' 7 ^ 0, which is 
a contradiction to the assumption that Jz G 3(IF) with Z 7 ^ 0. 

Case (Z, Z)r,s = 0. First we notice that Jz can not be invertible since J| = 0. 
Let Z' be an element of R'"’’^ such that (Z, Z')r,s 7 ^ 0, which exists because (., .)r,s is 
non-degenerate. Then, since Jz G 3(IF), we obtain 

[Jz, Jz'] = —‘2Jz'Jz + {Z, Z^r.sldy = 0, 

which is equivalent to Jz'Jz = 2(Z, Z')r,sldy. But this implies that Jz is invertible 
with the inverse ( 2 (Z, Z')r^f)~^ Jz'- We again come to the contradiction. □ 


Proposition 15. Let W be a Lie triple system of so{l, 1) defined by a representation 
of the Clifford algebra. Then £ = IF + [IF, IF] = [C, £]. 

Proof. It was shown in Proposition [H] that the centre of IF is trivial. Then applying 
item 1 of Proposition [TT] we hnish the proof. □ 


Working with a subalgebra C of so{p,q) we use the following dehnition of the 
transpose: = —rjp^qDrjp^q, rjp^q = diag(/p, —Iq). It is not true in general, that D G 

C implies G C. Any vector subspace C C so(m) is closed under transposition, 
because C E C implies C* = —C E C. It is not generally true for vector subspaces of 
so(p, q). They are only closed under the r^p^g-transposition: = Pp^qV^Pp^q = —T>. 
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Proposition 16. Let C C o(m) and rjp^q = diag(/p, —Iq). Define 
T>i = Crjp^q = {Crjp^q \ C e C} C so{p, q), 

D 2 = 'np,gC = {T]p,qC I C eC} cso{p,q). 

Then, if the indefinite scalar product (., ■)so{p,q) is non-degenerate on Vi, then it is 
non-degenerate on D 2 and on Di +D 2 - Moreover, the space Di + D 2 is invariant 
under transposition and involution 

6: 50{p,q) 50{p,q) 

X I y Tjp^qXpp^q 

Proof. We can show that the vectors = rjp^qCi G 1^2, are linearly independent if 
the vectors Ct & C are linearly independent by the same argnments as in Lemma [3l 
Observe that the eqnalities 

0{Dl) = Vp,qDlVp,q = Vp,qCvlq = Vp,qC = ^^2 

imply D\ = —6{Di) = —D 2 - The space Di +P 2 is invariant nnder the transposition 
and involntion 9, becanse 

(Pi + P2)* = -(Dg + V2), 9{Vg + V2) = Pi + P2. 

If the metric (., ■)Bo{p,q) is non-degenerate on Pi, then for any X G Pi, there is 
F G Pi, snch that 

(X,F),„(p,,) = -tr(XF)^0. 

Then, 

{Vp,q-^Vp,qi Vp,q^Vp,q)so{p,q) P{jlp,q-^^9p,q) tr(Wy") ^ 0 

and (., ■)so{p,q) is non-degenerate on P 2 . □ 

Corollary 7. Under the assumptions of Proposition \JR the subspaces Pi and P 2 
are isometric. 

Proof. Since 9{Vi) = P 2 , then 

-tr(PP') = -tliPp^qDpp^qPp^qD’pp^q) = -tr (0 (P) 0 (P') ) ) 

forP,P'GPi. □ 

The Lie triple systems W associated with a representation of a Clifford algebra 
form simple or semisimple snbalgebras C = W + [IT, IT] of so{l,l). Before we 
formnlate a precise statement and a proof we show the following lemma. 

Lemma 9. Let a Lie triple system W be associated with a representation of a Clifford 
algebra J: Ch,s —t so{l,l). Then the Lie algebra £ = IT -|- [IT, IT] is generated by 
the basis 

{Jzi,JzjJzk, l,...,r + s,j < k}, 

where Z\, ..., is an orthonormal basis 


PSEUDO-METRIC LIE ALGEBRAS 


35 


Proof. Recall that the representations of the Clifford algebra Cb,s satisfy the rela¬ 
tions 

JzJz' + Jz'Jz = -2{Z, Z' Hkm, Z, Z' e R'-'C 

Let {Zi,..., Zn}, n = r + s, he an orthonormal basis of R'’’®. Then the following 
commutation relations 


[Jzi,Jzj] — 2JziJzj, [Jzi,[Jzi, Jzj]] — -4:{Zi,Zi)^^^Jzj, [Jzi,[Jzj, Jz^]] - 0, 


hold. Thus, the Lie algebra C = W + [IT, W] is generated by the set {Jz^i JziJzj}, 
i,j,k = 1,... ,n = r + s. 

In order to show that {Jz^y Jzi-Jzj} for i, j, A; = 1,..., n with i < j is a basis, we 
proceed by induction. Recall that ,... , Jzr, are orthogonal to each other, hence 
linear independent. The orthogonality we understand in the following sense 


{JZiV,JzjV)i^l = {v,v)i^i{Zi,Zj)r,s 


0 for any v G R*’^, i, j = 1,... ,n = r + s, 


see discussions in Section YITA 
Let r + s = 2, then we have 


{Jz^v, JziJz 2 'v)i,i = {v, Jz2v)i,i{Zi, Zi)r,s = 0 for any v G R*’'. 


Analogously {Jz 2 V, JziJz 2 '>^)i,i = 0 for any v G R^’^ We conclude that Jzi,Jz 2 ci-re 
orthogonal to JziJz 2 and hence {Jzi, Jz 2 ) JZ 1 JZ 2 } is a linear independent system. 

Let n = r -|- s > 3. For the induction step we assume that we are given a set of 
linearly independent operators {Jz^y Jzi-Jz^} for i, j, fc = 1,..., d < n with i < j. 
We are adding one operator Jz^+i 7^ 0 with ( Z^+i , Zd+i ) = ±1 to the set and prove 
that this is still a set of linearly independent operators. By contradiction, assume 
that there exist Ai,... , A^, /ii^ 2 , ■ • • , Pd -14 £ 1^ such that 


(31) 

We calculate 


-'^>ykJzu+ X] PijJziJzy 

l<i<j<d 


k=l 


0 - [Jza+i y Jza+i] “ 2 ^ Afc Jza+iy 


.fc=l 

and obtain that Ylt=i ^kJz^ = 0 as Jz^+i is invertible. It follows that Ai = ... = 
Arf = 0 by the induction assumption. Substituting the values of \k into fIM]) we 
obtain 

•^Zd+i = Pi,jJZiJZj- 

We choose now any pair of indices /, m G {1,... , d} such that I < m and calculate 

^ = [Jza+iyJziJzm\ = 2{Zi,Zi) ^ Oik^J-i,kJz^Jzk 

ke{i,...,d}\{i} 

T 2 ( Z^ , Z^ ) ^ ^ (^sPm,s JziJZsy 
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with ak, Ps = ±1. This implies that = 0 for all l,m E {1,... , d}, I < m, since 
the operators {JziJzj,hj ^ { 1 , • • • ,d},i < j} are linearly independent by assump¬ 
tion of the induction. But then Jz^+i = 0 in ([3T]), which yields the contradiction. 
Thus we conclude that the operators {Jz^, Jz^+d JziJzj} ior i, j, k = 1,... ,d, i < j, 
are linearly independent. By this method we can add any operator of the form Jz^, 
q = d + 1 ,... ,n, with {Zg, Zg) = ± 1 , and obtain a set of linearly independent 
operators. 

Now we assume that we are given a set 

{Jzu^ Jza+i^ JZiJzj I b j £ { 1 , • • • , d], i < j] 

of linearly independent elements and prove that adding an element of the form 
Jztdza+i with a hxed t E {I,... , d}, we obtain a new set 

{Jzk, Jza+i^ JziJzj, JztJzd+i \ E {I,... ,d}, i < j} 

of linearly independent operators. Assume that there exist Ai,... , A^+i, • • • , ^ 

M such that 

d+l 

(32) JztJza+i = '^hJzk + X] k'iqJziJzj- 

k=l 

We calculate 

0 = , TzJ = 2 ^ XkJzkJz,-‘2 ^ qti^s {Zs, Zs) Jzi 

fcG{l,... ,(i-|-l}\{s} ,s— 1 } 

+ 2 {Zg J Zg) Jzi 

iS{s-|-l,... ,d} 

for any s G { 1 ,... ,d}\ {f} and arrive at 

- ^d+iJza+iJzs = ^ hJz^Jzs - ^ k-hs {Zg, Zg) Jzi 

fceji,... ,(i}\{s} ,s— 1 } 

(33) -f qii^g {Zg, Zg) Jzi. 

iG{s+l,... ,d} 

If Ad +1 = 0, then it follows that A^ = ki,s = 0 for all fc E {1,... ,(i} \ {s}, i E 
{!,... ,d}\ {s} by the induction assumption. Since s was chosen arbitrarily we can 
continue the proof and assume that A^+i 7 ^ 0. Then, for any a G {1,... ,d}\ {s} 

0 = -^d+l[Jza+iJz,,JZa] = -‘^^a{Za,Za)Jzs 

- 2 ^2 ki,s{Zg,Zg) JziJZa+‘^ ^2 ki,s {Zg, Zg) JziJZa- 

,s—l}\{a} iG{s-|-l,... ,d}\{a} 

As {Jzs, JziJzal'^ ^ {I)-- - \ I®)-®}} are linearly independent, it follows that 

Aa = ki,s = 0 for all s G {1,... ,d}\ {f}, for any choice of a G {1,... ,d}\ {s}, and 
for i G {1,... ,d}\ {a, s}. Hence, adding the element JztJzd+iy t = 1,... ,d + I, we 
again obtain a linear independent set. This implies that 

{Jz^^JziJzjl i,j,k = l,...,n, i<j} 
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is a basis of C. □ 

Theorem 5. Let J\ —)■ so(/,/) be a representation, and let W = C 

5 o{l,l). Then the Lie algebra C = W + [bb, bb] is simple if {r,s) ^ {(3, 0), (1, 2)}, 
and it is semisimple if (r, s) G {(3, 0), (1, 2)}. 

Proof. Let us assume that [) C £ is an ideal: [f),£] C f). We aim at showing that 
the only possible ideal is either trivial or the whole C, unless (r, s) ^ {(3, 0), (1, 2)}. 
In the last case we show that C is the direct sum of two ideals. 

Case 1. Let us suppose that Jz G f), with Z 0 and {Z,Z)^^ ^ 0. Then, 
normalising Z, we can assume that there exists an orthonormal basis {Zi,..., 
with Z = Zx- So, 

= 2JziJzj-, j = 2, ...,n, 

^ ^ Jzj\] = —^{Zi,Zi)^^^.Jzp j = 2 ,...,n, 

'^^[Jzj,Jzi] = ‘^JzjJzi, hi = ■ ■ ■ 1 ^, i ^ j. 

We see that all generators of C are contained in [), which implies that t) = £. 

Let us assume now that .Jz G 1), with Z ^ t) and {Z,Z)^^ = 0. Choose an 

orthonormal basis {Zi ,..., Z^}, such that Z = 'YTj=i ^kZk with Ai ^ 0. Note that 
there is at least one more coefficient 7 ^ 0. Then 

n 

f) 3 [Jz, Jzf\ = 2 ^kJzk^Zi = ‘^JyJzi, 

k =2 

where we set Y = YTk =2 ^kJz^- Note that (T, Y 7 ^ 0, (T, Zi = 0. Then 

i) 3 [JyJzi, Jzi] = —2 ( Zi, Z\ Jy. 

So, we reduce the problem to the previous case, concluding that \) = C. 

Case 2. In this case, we assume that h = J2i<j ^ij'JziJzj ^ 1) and Ai 2 7 ^ 0 , 

otherwise we can change the numeration of the basis. Then 

r+s 

i) 3 [Jzi, h] = 2{Zi, Zi)r^s ^ijJzj 7 ^ 0, 

i =2 

because [J^., [Jzp JzkW = 0 for i 7 ^ j 7 ^ /c. We apply now Case 1. 

Case 3. We assume now that h G 1) is a linear combination of Jz,. and JziJzj 
for some k,i,j = 1,..., r+s. Consider three cases: r+s = 2, r-bs = 3, and r+s > 4. 

Let r-b s = 2. Let {Zi,Z 2 } be an orthonormal basis for such that h = 
^iJzi + ^ 2 Jz 2 + ^zJziJz 2 ) where at least Ai and A 3 are different from zero. Then 

i) 3 [XlJzi + X 2 JZ 2 + X 3 JZ 1 JZ 2 , Jzi] = ‘2\2 Jz2'Jzi + 2A3(Zi, Zi)r^sJz2- 
If A 2 = 0, then we apply the arguments of Case 1. If A 2 7 ^ 0, then 

1) 3 [A3(Zi, Z\)r,sJz2 + X 2 JZ 2 JZX, Jz2[ = 2A2(.^2, Yfir^sJzx, 
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and we again reduce the proof to the Case 1. 

Let r + s>4. Let [) 3 h = + J2i<j where the basis 

{Zi,..., Zr+s} is orthonormal and at least two coefficients do not non-vanish, say 
A 2 7 ^ 0 and /ii ^2 7 ^ 0. Then 

r+5 

(34) i) 3 hi = [h,Jzi] = ^kJz^Jzi + 2(-Z’i, Zi)r,s fJ^ijJzj, 

k=2 j>2 

We have hi 7 ^ 0 since otherwise it contradict the assumption A 2 7 ^ 0 and fxi ^2 7 ^ 0. 
Taking the commutator with Jz 2 we obtain 

i) 3 h2 = [hi, JZ 2 ] = 2A2(^2, Z2)r,s'Jzi + 4(Zi, Zi)r^s hl,j'JZj'Jz2- 

i>3 

The vector ^2 7 ^ 0 since A 2 7 ^ 0. We take the commutator with Jz^ and obtain 
3 hs = [h2, Jzs] = 4A2(^2, Z2)r,sJziJz3 + 8(Zi, Zi)r^s{Z3, -^3)r,s/^l,3'4z2• 

If we are still not in Case 2, we take the commutator with Jz^ and obtain 
3 h4 = [hs, 7 ^ 4 ] = lQ{Zi, Zi)r-^s{Z^, Z^)r■^shl,^Jz2Jz4,■ 

^\ms the proof reduces to Case 2 . 

Let r -|- s = 3. We start as in the previous case and obtain the vector 

f) 3 hs = [h2, Jzg] = 4A2(^2, Z2)r,sJziJz3 + 8(2’i, Zi)r^s{Z3, Z^)Z2- 

Since we do not have an element Jz^, we can only take the commutators with 
or JziJzj) k,i,j = 1,2,3. Anyway we are able to produce either zero vectors or an 
element of the same type as h^, namely a linear combination of Jz^, and JziJzj for 
i ^ j ^ k, i, j, k = 1,2, 3. 

Thus, without loss of generality, we can assume that the ideal I) of £ contains an 
element h = Jz^ + AJ^j^Zs, A 7 ^ 0. We calculate 

[h, Jzi] = 0 , 

hi = [h, JZ 2 ] = 2Jzi Jz2 + 2A(Z2, Z2)r,sJz3i 
h2 = [h, Jzg] = 2Jz^Jz 3 — 2,\{Z^, Z^)r^sJz2, 
hs = [h, JZ 1 JZ 2 ] = ~2(Zi, Zi)r,sJz2 + 2A(Z2, Z2)r,sJziJz3-, 

^4 = [h, Jzi Jzg] = —2(Zi, Zi)r^s'Jz3 — 2A(Z3, Z^)r^sJziJz2i 
[h, Jz2'^^3] = 0 - 

If hi and h 4 are linearly independent, then their span in i) contains and JziJz 2 
and we continue the proof as in Cases 1 or 2 . The same arguments are applied when 
h 2 and hs are linearly independent. 

We assume that neither hi,h 4 nor h 2 ,h 3 form a linear independent pair of vec¬ 
tors. Since the basis {Zi, Z 2 , Z^} is orthonormal, the vectors hi, h^ can be linearly 
dependent only if A = ±1. To distinguish the values of the vectors, we write the 
superscript for the case A = 1 and the superscript “ for the case A = — 1. 
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Assume now that A = 1. We write h = h'^ = Jzi + JZ 2 JZ 3 and obtain 

hf = 2((2’2, Z2)r,sJz3 + JziJz2)^ h'l = 2( —(Zi, Zi)r^sJz3 “ (-^3, Z^) r^sJZ^JZ 2 ) 


It suffices to consider the following different cases. If 

(Zi, Z^r,s = (^2; ^2)r,s = (^3) ^3)r,s = 1 
- (^1, ^l)r,s = (^2, Z‘^r,s = -(^3, ^3)r,s 


(35) 


and 
= 1 , 


then = 2 (J ^3 -|- JzxJz 2 ) or = ^4 = 2 ( 7^3 -|- JziJz 2 )-i respectively, and 

1) 3 [h’'', = 4^2(Z2, Z2}r,sJziJz3 — {{Zl, Zi)r^s + (^2; ^2)r,s(-^3) Z^)r^s)Jz^ 

for this choice of signatures of the scalar product (. .)r,s. We see that f) 3 [h’*', = 

4/i^ = 4hj|'. In the cases 

(^l5 ^l)r,s = ~(^2; ^2)r,s = ~(^3; ^3)r,s = 1 and 

— (Zl, Zi)r,s = —(Z2, Z2)r,s = (Z3, Zs)r,s = I5 


we have hf = = 2 {—Jz 3 + JziJz 2 ) or hf = —hi = 2 {—Jz 3 + JziJz 2 )y respectively 

and fi 3 [h+, = —4h^ = dhg . 

Analogously, we consider possibility when A = — 1. We use the notation h~ = 
Jzi — JZ 2 JZ 3 and obtain 


hi — 2( —(Z 2 , Z 2 )r,s Jzg + Jzi Jzj); ^4 — 2( —(Zi, Zi)^,^ JZ 3 + (Z 3 , Zs)^,^ Jzj JZ 2 ). 


If the signature of the scalar product (. .)r,s satishes then hi = = 2 {—Jz 3 + 

JZ 3 JZ 2 ) or hi = —h 4 = 2 {—Jz 3 + JziJz 2 )j respectively. Since 


f) 3 [h , hi ] — 4^ — 2(Z2, Z2)r,sJziJz3 + {{Zi-, Zi)^,^ — (Z 2 , Zl)r,skZz-i Zl)r,s)Jz^ ■ 


we obtain i) 3 [h'^, h^] = —4h^ = ih^. In the case we have = —hj = 2 ( 7 ^ 3 -!- 
JZ 3 JZ 2 ) or hi = h^ = 2{Jz3 + JziJz 2 )y respectively and 1) 3 [h~^, hi] = 4h^ = 4hJ. 

Let us make the following conclusion. The cases of the signatures considered 
in fl3^ and fl36|l correspond to the cases and It is easy 

to see that in both cases the Lie algebra C = W + [IT, IT] is the direct sum of 
two ideals ()+ = span {h+, hi^ hi} and f)_ = span{h_, h]", h^} and the Lie algebra 
C = W + [IT, IT] is semisimple. 

□ 


Corollary 8. IfW is a Lie triple system defined in Theorem}^ then C = 1T+[1T, IT] 
is reductive. 


As a consequence we also obtain a new proof of Proposition [151 

5.3. Lie triple system IT is a rational subspace of C. The main aim of this 
section is to show that in the case of the trivial centre 3(1T) of the Lie triple 
system IT of so{p,q), the set IT is a rational subspace of C. Let us assume that 
£ = IT + [IT, IT] is reductive. So £ = 3(£) © [h;h.]. Since 3(£) = 3(1T) by 
Proposition [TTl we obtain that C = [£, £] is a semisimple Lie algebra in the case 
3(1T) = 0. As we saw in Corollary [ 8 l it is the case when the Lie triple system IT is 
dehned by the Clifford algebra representation. Let us recall some dehnitions. 
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Definition 14. Let g be a real semisimple Lie algebra, and let be its Killing 
form. An involution 9 (6*^ = Idg) is called a Cartan involution on g if Ce{X,Y) := 
—5g(X, 6*(y')) is a positive definite bilinear form. 

As it was observed before, the bilinear form on 5o{p, q) 

{X, y = tr(Xl~r) = -tr{XY), Jf"- = = -Jf, 

is a (positive) scalar mnltiple of the Killing form Bso{p,q)-i because the Lie algebra 
so(p, q) is simple. Dehne the involution 6 on 5o(p, q) by 

(37) X ^ e{X) = Pp,qXpp,q. 

We claim that 6 is the Cartan involution on 5o{p,q). Indeed, if X G 5o{p,q) and 
X 7 ^ 0, then 

Ce{X,X) := il3o(p,,)(X,0(X)) = c(X,0(X)),„(^,^) = -ctr(Xi^,,,^^^^ 

= -cti{Xr]p^qf > 0 , 

because if X G 5o(p, g), then Xr/p g G so(m), p + q = m with tr(X? 7 p g)^ < 0. 

It is a well known fact that any complex semisimple Lie algebra g admits a basis 
in which the structure constants are integer. The real basis for the compact real 
form can be easily recovered, and the structure constants are half integers, see, for 
instance, 0127]. Recently an analogous result for an arbitrary real semisimple Lie 
algebra g was obtained in [23l Theorem 4.1]. By making use of the Cartan involution 
6 and of the non-degenerate Killing form on g, an explicit form of the real basis was 
recovered from the complexihcation of g. We will not use the exact form of this 
basis, the only important fact for our purpose is that the structure constants are 
rational, more precisely, they belong to for more details see [23]. We denote the 
basis by the letter Cc and called it Chevalley basis referring to C. Chevalley, who 
constructed this basis for real compact forms. 

Definition 15. Let g be a Lie algebra such that the Lie algebra g has the rational 
structure constants with respect to a Chevalley basis Cg. Then the set spanQ{Cg} is 
called the rational structure of the Lie algebra g. A subspace U of g is called the 
rational subspace with respect to the rational structure spanQ{Cg}, if there is a basis 
Bjj such that Bu C spanQ{Cg}. 

Example 5. Let £ = p © t be the Cartan decomposition of a semisimple Lie alge¬ 
bra. Then p and t are rational subspaces of C with respect to the rational struc¬ 
ture spanQ{C£} by [23]. The subspaces p and t are contained in span C 

spauQjC^}. 

Proposition 17. Let C be a semisimple Lie subalgebra ofsoij), q), such that C = p©t 
is a semisimple Lie algebra, where p and i form the Cartan pair 

[t,t]ct, [t,p]cp, [p,p]ct. 

Then p and i are rational subspaces of C with respect to the rational structure 
spauQjC^}. 
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Proof. We define the involution by the rule 9{p + k) = —p + k, for all p G p, A; G t. 
It is an isomorphism for the real semisimple Lie algebra C. Construct the complex 
Chevalley basis on the complexification £ (g) C of £ by making use of the unique 
complex extension 0 of the involution 6 and the conjugation on £(g)C with respect to 
the real form £. Then applying the construction of [ 23 ] we recover the real basis Cc 
for the real form £. Hence p and t have the basis in span C spanQ{£}. □ 

Corollary 9. If W is a Lie triple system of 5o{p,q) with a trivial centre, and if 
C = W ® [IT, W] = [£, £] is a semisimple Lie algebra, then W is a rational subspace 
of C with respect to the rational structure spanQjC/;}. 

Proof. If IT is a Lie triple system of so{p,q) with a trivial centre 3 ( 1 T), then £ = 
[£, £] by item 1 of Proposition [TTl The pair W © [hP, hP] = p © t = £ is the 
Cartan pair because hP is a Lie triple system. Then we hnish the proof by applying 
Proposition [T 71 □ 

Now let us assume that £i = hP fl [fP, fP] 7^ { 0 }. We need to show that W 
has a basis in the rational structure spauQlC^}. Note that £1 is an ideal of £ = 
[fP, fP] + IP because £1 is adw and ad[w,w] invariant, see the proof of item 3 of 
Proposition [TOl Let £2 be the orthogonal complement to £1 with respect to any 
ad-invariant inner product (., .)c on £. Then £2 is also an ideal of £. Indeed 

([X, £2], Cl)c = [^, I^l])c ^ “('^2, IIl)c = 0- 

Thus, we have two ideals £1, £2 of £, such that £1 fl £2 = { 0 }. This implies 
that they are also orthogonal with respect to the Killing form Be, and therefore, 
assuming £ = [£, £] to be semisimple, we obtain that Be is non-degenerate on both 
£1 and £2. (If it were degenerate on one of them, then it would be degenerate on 
the other one too, and then, it would be degenerate on £, which is a contradiction.) 
Moreover, the restrictions of Be on the ideals £1 and £2 dehne the Killing forms 
Be^ and of them. 

Proposition 18. The Lie triple system W of so{p,q) with a trivial centre is a 
rational subspace of a semisimple Lie algebra £ = IP + [IP, IP] = [£, £] with respect 
to the rational structure spauQjC^j} © spanQjC^j}. 

Proof. Let us denote £1 = fPi, and let IP2 be the orthogonal complement to fPi in 
W with respect to the ad-invariant inner product (.,.)/;, which we have used before 
for the dehnition of £2. Let P2 be the orthogonal complement to fPi in [fP, IP] with 
respect to the same inner product Then, 

VP = IPi © VP 2 , [IP, VP] = VPi © P 2 . 

Obviously, VP2 fl P2 = { 0 } and VP2 © V2 © £2 = Pi- Thus, 

£i©£2 = £ = 1 P+[ 1 P, 1 P] = (IPi © IP2) + (fPi © P2) = hPi © (fP2 © P2) © £1 © £2 
and we conclude that £2 = IP2 © V2. 

Observe also that £1 = VPi and VP2 are Lie triple systems of 5o{p,q), satisfying 
[VPi, VP2] = 0 , see the proof of item 3 of Proposition [TUI So, 

( 38 ) [P2, IP2] © [[IP, IP], IP2] © IP2, and [P2, IPi] C [[IP, VP], fPi] C IPi, 
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[ 1 ^ 2 , IV 2 ] C [VT, VT] = 1^1 © 1 ^ 2 , and {[W 2 , W 2 iWi)c = -{W 2 , [Vr 2 , Wi])c = 0, 
which implies that \W 2 , 1 ^ 2 ] C V 2 . Finally, 

[^ 2 , ^ 2 ] c [[hF, hF], [hF, hF]] C [hF, hF] = hFi © 1/3 and 

([14,14], 1Fi)£ = -(14, [^ 2 , IFi])^ c -(14, l^ik = 0 

by (1551) . Thus, the semisimple Lie algebra £2 admits a decomposition £2 = 114©14, 
where 114 and 14 form a Cartan pair. Moreover, there is a Chevalley basis Cc 2 such 
that 114 is a rational subspace of £2 with respect to spanQ{C£ 2 } by Proposition fTTl 
As a semisimple Lie algebra £1 admits the Chevalley basis the basis C = 
Cci is a Chevalley basis of the Lie algebra £ = £1 ©£ 2 . We define the rational 
structure of £ by spanQ{C} = spanQjC/;^} © spanQjC^j}. Now PF = £1 © 114 is a 
rational subspace of £ with respect to spanQ{C}. □ 

6 . 2-step nilpotent Lie algebras admitting rational strugture 

GONSTANTS 

In this section we show that the standard pseudo-metric Lie algebra Q = V ®W 
admits rational structure constants if IF is a Lie triple system of o(lF) being a 
rational subspace of the Lie algebra £ = IF + [IF, IF] C o(lF). Another important 
result is that the Lie algebras 0 from Definition [H] also admit rational structure 
constants under a special condition on the map inducing the standard pseudo-metric 
form on 0. We start from some general properties of subspaces of End(lF). 

6.1. More about rational structures. Let us formulate a generalisation of Defi¬ 
nition [151 Let V be an m-dimensional vector space, and let IF be a fc-dimensional 
subspace of End(fo). 

Definition 16. A subspace W is called the rational subspace o/End(fo) if there are 
bases By = {ui,..., Vm} of V, and By/ = {4, ■ ■ ■, Cfc} of W , such that 

Cj(spanQ{i?y}) C spanQ{i?y} for all Q G Bw 

Thus the basis elements of IF leave the rational combinations of By invariant. 
It is equivalent to say that any (j G B\y written as a matrix in the basis By has 
rational entries. 

Example 6. Let V = and (■,-)pg be the standard scalar product in 
Let Ai,...,Afc G so{p,q) be arbitrary matrices with rational entries and IF = 
spauRjAi,..., Afc}. Then IF is a rational subspace of 5o{p,q) C End(M™), m = 
p + q. 

Let Z be an n-dimensional vector space, and let J: —)■ End(fo) be a linear map. 

Definition 17. A map J ■. Z ^ End(fo) is called rational if there are bases By = 
{ui,..., Vm} of V and Bz = {©, • • •, Zn} of Z such that 

Jzj{spanQ{By}) C spanQjiJy} for all Zj G Bz- 
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Thus, if the map J ■. Z ^ End(V^) is rational, then the space W = J{Z) is a 
rational subspace of End(ld) with respect to the bases 

By = {vi,...,Vm}, and Bw = {Ci = Jzi, ■ ■ ■ Xn = JzJ- 

If moreover, the map J: Z ^ End(E) is injective and W = J{Z) is a rational 
subspace of End(E) with respect to the bases By and B]y, then J is a rational map 
with respect to the bases By and Bz = {zi ,..., Zn} with = Q ^ Bw 

Example 7. Let hh be a rational subspace of so(p, q) C End(M™), p + q = m. Then 
the inclusion l\ W ^ End(M™') is an injective and rational linear map. Moreover, 
it is skew-symmetric in the following sense, 

= (C(y),W^)p,g = = -(T,i(C)w^)p,5- 

Let now A E GL(M™'), and let IT be a rational subspace of End(M™'). Then the 
inclusion map l: AWA~^ -e End(M™') is also injective and rational linear. To see 
that L is rational we choose the bases Sr™ and Bw such that the space fT is a 
rational subspace of End(M™'). Then the matrices ( E W written in the basis B^m 
have the same entries as matrices A(A~^ E AWA~^ written in the basis AB^m. 
So, all matrices from ABwA~^ has rational entries written in the basis ASr™, and 
therefore, the space AWA~^ is a rational subspace of End(M™') relatively to the 
bases Bawa-^ = ABwA~^ and AB-gru. 

Now we want to show that any map from AWA~^ is skew-symmetric with respect 
to some scalar product if IT C so(p, q). Let us recall the notation A^^’i = Pp^qA^pp^g. 
Then, 

= Pp,qiA~^YVp,g = Pp,qiAY~^PpA = {pp,giX)pp^qy^ = . 

We dehne a matrix M = and recall the scalar product {v,w)j^ = 

{V, Mw )p g. Then we obtain for any C ^ kb G 5o{p,q), A E GL(M™'), m = p + q and 
for arbitrary v,w E spanRl^di^Rm}, that 

( ACA-X, w)^ = {ACA-^Av, MAw = ((u, A^P’‘>MAw = -{vXw )pg 
= — {A~^v, A^P’‘iMA(A~^w )pq = — {v, {A^P’‘^)~^ A'^P’’! M A(A~^w )p ^ 

= - {v,ACA-^w)^. 

Definition 18. A vector space V is called W-irreducible for W C End(T) if no 
proper subspace ofV is invariant under all elements ofW. 

Let (• ) • )y be a scalar product (non-degenerate bilinear form) on V. We recall 
that if a vector space IT is a subspace of o(T, (.,. )y) C End(T), then the scalar 
product (.,. )y is called PT-invariant, see De£nition[6l Notice an analogue with the 
invariant scalar product on Lie algebras, where it is equivalent to the fact that the 
adjoint map ad„ is skew-symmetric with respect to this scalar product. Having in 
mind De£nition[Hl let us formulate the following statement. 

Theorem 6. Let Z be a finite dimensional vector space, let (T, (.,. )y) be a scalar 
product space, and let the map J ■. Z ^ o(T, (.,.)y) C End(T) be injective and 
rational. Let V be W-irreducible for W = J{Z). Then the standard pseudo-metric 
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Lie algebra & = [V ® Z ,[.,.]) induced by J admits a basis with rational structure 
constants. Here V = (V,c(.,. }y), c 7 ^ 0. 

Proof. We give the proof in several steps. 

Step 1. Let (!/,(.,. )y) be an m-dimensional scalar product space with a basis 
By = such that Vij = {vi,Vj)y G Q, for instance we can take an 

orthonormal basis. Now we claim ifvEV is such that {v,Vi)y E Q for all Vi G By, 
then V G span(Q{i?y}. Indeed, if we write v = J2k^kVk, then the linear system 

Vi = {V,Vi)y = ^Xk {Vk,Vi)y 

k 

has rational coefficients {vk,Vi)y and yi G Q. It is clear that the solutions x* are 
rational numbers. 

Step 2. Consider now an arbitrary fc-dimensional rational subspace W C End(ld) 
with respect to bases 

By = {vi,... ,Vm} and Bw = {(i, ■ ■ ■ ,Ck}- 
Let us also assume that there is a scalar product {., .)y, such that 

ff" C 0 ( 1 /, (.,.)^) C End(l/) and {vi,Vj)yeQ, i,j = l,...,m. 
Consider a Lie algebra Q = [V ®W,[., .]g) with the Lie bracket defined by 

(C, ['VH']g)o{v,{.,.)y) = {Civ)H')v 

We claim: the Lie algebra Q has rational structure constants with respect to the 
basis {ui,..., Vm, Ciy ■ ■ ■ y Cfc}- Indeed, W C End(E) is a rational subspace, the ma¬ 
trices of all Q G Byr written in the basis By have rational entries, and therefore, 
{CiyCj)o{v,{.,.)y) = -tr(CiCi) G Q, z,j = l,...,fc. Moreover, since {va,vy)y G Q, 
a, (3 = 1,... ,m, we also have (Ci('^a) W/3 )y G Q for alH = 1,..., /c, a, /3 = 1,..., m. 
Thus, 

(Ci, baW/3]g)o(y{.,.>^) = {Ci{Va),Vy)y G Q, 
which implies [va^vglg G spanQ{i?i 4 /} by Step 1. 

So it is left to show that we can modify a given scalar product {■, ■)y to a new 
one (.,. )y such that all hypothesis of Theorem [ 6 ] are still satisfied, and moreover, 
{vo^vgYy G Q. Then by Lemma O we conclude that the Lie algebras Q and 0 
are isomorphic, and therefore, 0 admits rational structure constants. We still need 
some auxiliary results. 

Step 3. If there are two W-invariant scalar products (.,. )y and {■, ■)y on V, 
and moreover, V is W-irreducible, then {■, ■)y = c{., .)y for some c 7 ^ 0. Indeed 
we define a map S: V -E- V hj {v,w)y = {Sv,w)y, and the transformation S is 
symmetric with respect to both scalar products and commutes with all elements of 
W as it was shown in flTbl) and flTTl) . Thus, the elements of W leave invariant the 
eigenspaces of S, and the irreducibility of V implies that S = cldy, c 7 ^ 0. 
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Step 4. Let us set our considerations in a more general perspective. Let us 
denote any bilinear symmetric form on a space V by b, and the space of all possible 
bilinear symmetric forms on a space V hj B. So S is a real vector space. We define 
the action of End(lL) on B by 

Xb{v,w) = b{Xv,w) + b{v,Xw), X e End(l/), v,weV, and b E B. 

Thus, if X G End(E) is skew-symmetric with respect to b, then Xb = 0, and we 
say that b is X-invariant. A symmetric bilinear b is IE-invariant if X 6 = 0 for all 
X G IE C End(E). 

Let 6 i = (.,. )y be a non-degenerate IE-invariant bilinear symmetric form on V, 
and let V be lE-irreducible. Let K, = {b E B,\ b is IE-invariant}. Then, /C 7 ^ 0, 
since 61 G /C. The space span]K{ 6 i} belongs to /C, because if bi is lE-invariant, then 
cbi is lE-invariant for any c. If we assume that there is b E B linearly independent 
of bi, then b is not PE-invariant by Step 3. Thus, we conclude that dim/C = 1. For 
the future purpose we only need the fact dim/C > 1. 

Step 5. Let V be PE-irreducible relatively to PE C o(E, (.,. )y), and let PE be a 
rational subspace of End(E) with respect to the bases 

By • • • 1 Um,} 1 B\y {Clj • • • ) Cn}- 

We claim: there exists a constant c 7 ^ 0 such that for the inclu¬ 

sions 

PE G o(E, (.,. )y) and {Vi, Vj )*y E Q, for all Vi E By, 
hold. To show this, we start by taking the dual V* of V and choosing the ba¬ 
sis By* = {n},...,n^}, such that v*{vj) = Sij. It allows us to choose the basis 
{^ij of B by setting bij = |(n* 0 v* + v* 0 n*). Then 

{ 1 if i = j = a = (d, 

1 if i = a, j = /3, i ^ j, 

0 . othewise 

We observe that since the action of End(E) on B is linear, we obtain 
(39) Cfe(spanQ{{%}i<i<j<m}) C spanQ{{ 6 y}i<i< 7 <m} for all (k ^ Bw 
Now we dehne the map 

S: B ^ B^ 

b ^ S( 6 ) = (Ci( 6 ),...,Cn(&)) 
for Cfc G Bw- Then, it is clear that 

I—^(span Qj"^ C span Q(j" 

by fl39p and ker(S) = X. We need only to hnd a non-zero form b E V = ker(S) fl 
spanQ|{ 6 jj}i<j<j<m}. Let us assume that b eV. Then we can write b = 

with Qij G Q and b{va,Vj 3 ) E Q. Then, b = cb, where 6 (.,.) = (.,. )y, c 7 ^ 0 by 
Step 3. If c > 0 , then the form b* has the same index [p, q) as the original scalar 
product, and if c < 0 , then the index is (g,p). 
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Denote N = dim(i3). The map E: B —?■ S” and the basis dehne the 

basis on in a natural way. Then the {nN x iV)-matrix A for the map S has 

rational entries by fl39|) . and therefore, the determinant of any [k x k) sub-matrix 
belongs to Q. Hence, rankQ(y4) = rankR(H) and kerQ(H) = kerR(H). Because of 
dim(/C) = dim(ker(S)) = keriR(H) = 1, we can hnd a non-zero element in ker(S) n 
spanQ|{6jj}i<j<j<m} by Step 4. This proves the theorem. □ 

Applying the Mal’cev criterion we obtain the following corollary. 

Corollary 10. If G is a simply connected 2-step nilpotent Lie group with the Lie 
algebra 0, then the group G admits a lattice. 

Let W C End(V^) for j = 1,... ,n, where each Vj is hT-irreducible hnite dimen¬ 
sional space, which admits a IT-invariant scalar product (.,. )y,. Dehne the vector 
space V = ©;=i Vj and the scalar product (. ,-)y = ©;=i(-,-)v,- Then the di¬ 
rect sum V = 0"=i Vj is orthogonal with respect to (.,. )y. Let IT be a rational 
subspace of a semisimple Lie algebra C having the following property: 

(^) each vector space Vj admits a basis Bvj and the Lie algebra admits a basis Cc 
(for instance the Chevalley basis) such that Cc leaves the rational structure 
spanQ{Hy,.} invariant, 

Cfc(spanQ{HyJ) C spanQ{HyJ 

for all Ck eCc- 

Let us remark, that if £ is a semisimple Lie algebra of a compact subgroup G of 
GL(Vj) (which is the case when the Killing form on C is positive-dehnite), then the 
representation p: G —)■ GL{Vj) has the property that the vector space Vj admits the 
basis Bvj, such that dp{Cc) leaves the integer structure span^lHy^} invariant, and 
as a consequence, leaves the rational structure spanQ{i?y^.} invariant. Thus, for the 
Lie algebras of compact Lie groups the property (1) always holds. 

Now we are ready to prove the following theorem. 

Theorem 7. Let C C o(T, (.,.)y) he a subalgebra that admits a Chevalley basis 
Cc such that the structure constants with respect to this basis are rational, let W 
he a rational subspace of C relatively to the rational structure spauQjC^}. Assume 
also that V = QVj, where each Vj is W-irreducible and admits W-invariant scalar 
product , .)y,. Here W C End(l^) for each j = 1,...,n. Moreover, the basis Cc 
is such that for any Vj there is a basis By. such that (Cfc(spanQ{Hy^,}) C spanQ{i?y^,} 
for all (k ^ Cc- Then there exists a scalar product {■, ■)g on V (B W, such that 
the standard pseudo-metric Lie algebra Q = (T © IT, )g) admits rational 

structure constants. 

Proof. Let By/ = {^i,...,(Cfc} C spanQjC/;}. By the hypothesis of the theorem 
W c 0 (Vj, C End(l^) and for any Vj we can hnd a basis By^ such that 

matrices for all Q G Cc have rational entries when they are written in the bases 
By^ for all j. Since B\y C spauglC/;}, the subspace IT C End(l^) is the rational 
relatively to the bases Biy and By^ for each j. Then, for any Vj we can modify the 
scalar products , .)y, such that {va,vp)y, G Q for any two elements Va,vp G By^ 
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Let By = {ti, ..., Vm} be a union of bases {By.}, and let the scalar product (.,. )y 
be the sum of modified scalar products, that makes the direct sum ®Vj orthogonal. 
Then the bases By and By/ satisfy the conditions of Step 2 of the previous theorem, 
and therefore, the Lie algebra V ®W has rational structure constants. □ 

Theorem 8. Let (V, (• ) •)y) he a finite dimensional scalar product space. Let W be 
a Lie triple system in o{V, (.,. )y) that has a trivial centre. If the vector space V and 
the Lie algebra C = W + [hh, hh] satisfy condition (^) described before Theorem}^ 
then the standard pseudo-metric 2-step nilpotent Lie algebra Q = V (B W admits 
rational structure constants. 

Proof. The Lie algebra C = W [hh, hh] is a subalgebra of o(V, (.,. )y). We have 
shown in Section 6 that the Lie algebra C has a basis B^ such that the structure 
constants of C are rational, and moreover, W is a rational subspace of C with 
respect to the rational structure spanQ{i?£}. Then we apply Theorem [7] and finish 
the proof. □ 

Corollary 11. If G is a simply connected 2-step nilpotent Lie group with the Lie 
algebra Q described in Theorem\Ei then G admits a lattice. 

Now we are ready to show an important consequence of the theory developed 
above. Let us make the following observation. It was shown that any pseudo H- 
type Lie algebra arises from representation of the Clifford algebra Thus, 

if there are 21 x 2/-matrices Jj, j = 1,..., r + s satisfying the condition 

• J] = -IdK 2 p j = 1,... ,r; 

• J] = IdR 2 p j = r + 1,..., r + s; 

• JjJi — JiJji j 7^ L 

then the corresponding pseudo iL-type algebra nr.,^ exists. It is known [33] that the 
matrices satisfying the above conditions exist and moreover, they can be chosen 
with integer entries. Thus, the space W has the basis (Ji,..., Jr+s) and the space 
\W, W] is spanned by JiJj, i, j = I,... ,r -\- s. Thereby, we see that the Lie algebra 
C = W + [IT,iy] admits a basis of {21 x 2/)-matrices having integer entries, and 
moreover, the Lie algebra in the basis admits integer structure constants, 

and the space W is a rational subspace of the Lie algebra £, see Theorem |5l This 
basis leaves invariant the rational span of the standard Euclidean basis of and 
therefore, satisfies condition (^) before TheoremjTl Here we substitute the Chevalley 
basis by the basis directly related to the representation of the Clifford algebras and 
the representation space is considered to be 'Efh Since all pseudo iL-type algebras 
are isomorphic to pseudo Lf-type algebras arising from the representation of the 
Clifford algebras CC,*, we only need to prove the following theorem. 

Theorem 9. Let be a pseudo H-type Lie algebra, and let be the correspond¬ 
ing pseudo H-type Lie group. Then admits a lattice. 

Proof Let = (M*’' © = (.,.^ + (.,. J be a pseudo iL-type 

Lie algebra, let Cb,^ be the Clifford Lie algebra, and let J: Cb^s —)■ End(M^’^) be a 
representation defining the commutators in Ur,*: {Z, [n,n'] = ( Jzn,n')z/- Then 


48 


C. AUTENRIED, K. FURUTANI, I. MARKINA, AND A. VASIL’EV 


IV = C so{l,l) C End(M*’^) is the Lie triple system of so{l,l) having a 

trivial centre. Let now Q = (R^’^ © hh, [., .]*, (.,. )g) be a standard pseudo-metric 2- 
step nilpotent Lie algebra with (.,. )g = (.,. ^ + (.,. and (C, [v, vf = 

{({v),v' )i I for any ( G W. The Lie algebra Q admits rational structure constants, 
see Theorem [HI We need to show that the Lie algebras nr.,^ = (R*’* © R'’’®, [.,.]) and 
Q = (R*’* © W, [., .]*) are isomorphic. To achieve the goal we will construct auxiliary 
Lie algebra 0 that will be isomorphic to both Lie algebras and Q. 

In order to construct the Lie algebra 0 we use the injectivity property of the 
Clifford representations J: R^’® —)■ End(R*’^). We disregard the standard scalar 
product (.,. )j. ^ on R''’^ and simply write R^+^. Pullback the metric (.,. to the 

space R'’+'^ by dehning the scalar product 21 ( Z, Z' )]gr+s = ( Jz, Jz' )so{i ly Let 0 = 
R^* © R'’+® as a vector space and the commutator [.,.]' dehned by (Z, [n, w]' )Kr+s = 
{Jzv,w)ii. Let 0: 0 —^ be the map constructed by 0(n + Z) = v + Jz for all 

V G R^^ Z G R''+®. The map 0 is the Lie algebra isomorphism 0 = (R*’*©R''+'^, [.,.]') 
and Q = (R^’^ © IT, [., .]*). Indeed for any ^ G IT and any n, w G R*’* we obtain 

= {Jz{v),w)ii = {Z,[v,w]')'^,+s 

= {Jz,J[v,wy)bo{1,1) = )so(/,Z) • 

Now we show that the Lie algebras 0 and are isomorphic. Observe that since 
( Jzi, Jzi = -2^ Mr, s), 

where {Zi ,..., Zr+s} is an orthonormal basis of R^’® with respect to {■, ■)j.s^ ^Le 
set {Jzn ■ ■ ■, Jzr+s} forms an orthogonal basis of IT with respect to the restriction 
of the trace metric. Thus, the index of the spaces IT and R'’’^ coincides. This also 
shows that the collection Zi,, Zr+s is also orthogonal in R''+® with respect to the 
metric (.,. )]Rr+s. Therefore, the scalar products (.,. )Rr+s and {■, ■)rs differs by the 
positive multiple 21. Now the Lie algebra 0 with the metric (.,. ^ + (.,. )Rr+s = 

+21 , .)rs fho same Lie brackets as the Lie algebra 0 with the scalar 

product (2Z)“^ (• 5 • )z « + (■)■ )r s Ly Proposition [H The Lie brackets of 0 and n,.,* 
are dehned by the scalar product (.,. )^ ^ + (.,. )^ ^ and {2l)~^ (• 5 • )z z + (■) ■ )r s 
spectively. Thus, nj,,s = ©R^’®, [.,.]) and 0 = (R^’* ©R^+^, [.,.]') are isomorphic 

by Lemma [TJ 

Finally we conclude that the Lie algebras nr.,^ = [•,•]) and Q = (R*’^ © 

IT, [., .]*) are isomorphic, and therefore, the Lie algebra nr,s has rational structure 
constants. Applying the Mal’cev criterium we hnish the proof. □ 

Other proofs of Theorem [9] can be found in [T71 [18] 

Let us make the last observation. Let g be a 2-step nilpotent Lie algebra such that 
dim([g,g]) = n, and the complement V to [g,g] has dimension m. As we showed 
in Theorem [H there exist p,q ^ N, p + q = m, and an n-dimensional subspace V 
of 5 o{p, q), such that g is isomorphic as a Lie algebra to the standard metric 2-step 
nilpotent Lie algebra g* = R^’'^ ©j_ TJ. Now we state the following theorem. 
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Theorem 10. If 0 admits a basis with rational structure constants, then we may 
choose T> having a basis whose matrices only have entries in Z relatively to the 
standard basis ei,... , ofW’'^. 

Proof. We assume that there exists a basis B = {ui,... ,Zn} of g = 

V ®L [fl ) 0 ]) with Ui,... ,Vm being a basis of V, and Zi,... ,Zn being a basis of [g , g] 

such that the structur constants Ch with respect to B are in Q. We write = -nf 

with a^j G Z and b’^j G M \ {0}. We dehne a natural number d as the least common 
multiple of the collection {b^j\i,j = 1,... ,m, k = 1 ,... ,n}, and dehne the basis 
Bd = {\fdvi ,... , '/dvm-, zi,... ,Zn}. It follows that the structure constants Ch with 
respect of Bd are given by dCh as 

n n n 

CijZk = [\/dvi , y/dvj] = d[vi , vf\ = d'^ C^jZk = dC-^Zk- 

k=l k=l k=l 

Hence, are natural numbers such that the matrix = dC^ only has entries 
in Z. As we know from Theorem 01 there exist p, gGN, p + g = m snch that the 
n-dimensional snbspace V = span , C^pp^g} is a non-degenerate subspace 

of so{p,q) such that g = © V. As C^rip^q = dC’^Tjp^q G V, and the entries of 

C^rjp^q lie obviously in Z, it follows that there exists a basis of V whose matrices 
only have entries in Z, relatively to the standard basis Ci,... , of □ 
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